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ABSTRACT

We introduce and study M-outer derivations and automorphisms and
prove a version of the Chevalley—Jacobson density theorem for rings with
such derivations and automorphisms.

1. Introduction

In this paper we continue the project initiated recently in [10]; its main idea is to
connect the concept of a dense action on modules with the concept of outerness
of derivations and automorphisms.

In particular, one can view our results as generalizations of the Chevalley—
Jacobson density theorem. This celebrated theorem is one of the important tools
of ring theory and has already been generalized in various directions {1, 2, 3, 17,
24, 26, 29, 44, 54, 56, 57, 58] (see also [53, 15.7, 15.8] and {13, Extended Jacobson
Density Theorem]).

* The second author was partially supported by a grant from the Ministry of Science
of Slovenia.
Received April 15, 1999

317



318 K. L. BEIDAR AND M. BRESAR Isr. J. Math.

Perhaps the most natural and fundamental problem of the theory of derivations
and automorphisms of rings and algebras is the question of their form, that is,
the question of their innerness or outerness. This problem has a long and rich
history. For instance, the classical Noether—Skolem theorem yields the solution of
this problem for finite dimensional central simple algebras (see, e.g., [19, Section
4.3]). In another classical case of primitive rings with nonzero socle [23, Chapter
IV] one already notes that it is sometimes convenient to extend the concept of
innerness by allowing that the element, inducing the derivation or automorphism,
lies in a bigger algebra. This is also the case in the theory of X-inner derivations
and automorphisms initiated by Kharchenko (see, e.g., [4, 28, 39]). Finally,
we remark that the theory of derivations and automorphisms does not play an
important role only in ring theory, but also in functional analysis; concerning the
question of innerness, an extensive and deep theory has been developed especially
for derivations of C*-algebras and commutative Banach algebras (see, e.g., [6,
40, 46] and also a more recent condensed survey [38]). Especially in analysis
it is customary to treat derivations of one algebra into a bigger one (or into a
bimodule); for most part of the paper we will work in this more general setting.

It is not our intention to address explicitly the question whether all derivations
or automorphisms are inner on some special type of rings or algebras (though we
hope that our results might turn out to be useful when considering this question).
What we want to show here is that those derivations and automorphisms, which
are “outer” in a sense defined below, have some very special and nice proper-
ties. To explain this more precisely, we have to introduce some notation and
terminology.

In our main results we shall consider arbitrary rings. However, for the sake
of simplicity we assume temporarily that A is an algebra over a field K and
that M is a simple left .4-module such that End(4M) = K. It is noteworthy
that the latter condition is always satisfied for any complex Banach algebra A
(namely, End(4M) is the complex number field for any simple left .A-module
M [6, Corollary 5, p. 128]). As both rings and algebras will be considered, it
is perhaps necessary to mention that whenever we shall deal with a derivation
or an automorphism of an algebra, we shall mean that it is a linear (and not
just additive) map. Given a € A, it clearly defines a linear transformation
Ly Mg — Mg given by Lyxr = azx for all x € M. We shall say that a
derivation d: A — A is M-inner provided that there exists T' € End(Mg) such
that Lo« = [T, L,] for all a € A (derivations and automorphisms will be written
as exponents); otherwise d is called M-outer. Denote by D(A) the set of all
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derivations of the algebra A and by Daq(A) the set of all M-inner derivations of
A. Clearly D(A) is a vector space over K and Da(A) is a subspace of D(A).
Further, we shall say that automorphisms o and 8 of A are M-dependent if there
exists an invertible linear transformation T of M such that L_,-1, = TL, T~}
for all @ € A; otherwise they are called M-independent.

Recently the second author jointly with Semr] proved the following result.

THEOREM 1.1 ([10, Theorem 3.6}): Let A be a dense algebra of linear operators
on a vector space M, and let d be a derivation of A. Then the following conditions
are equivalent:
(1) d is M-outer; :
(2) given any linearly independent set {x1,xs,...,z,} C M and arbitrary sets
{y1,92,-- > Un}, {21, 22, - - ., 2n} C M, there exists a € A such that

ar; =y; and a%z; =z foralli=1,2,...,n.

A special case when n = 2 was obtained somewhat earlier [8]. We also mention
results of Sinclair [47, Theorem 3.3] and Turovski and Shulman [50, Proposition
1.1] which do not really discover the connection between density and derivations,
but they both establish that M-outer derivations have some special properties;
in a way, they can be considered as predecessors of Theorem 1.1. In the present
paper we generalize this theorem to any ring with simple left module and com-
positions of derivations and automorphisms. In particular we prove the following
theorem which is an important particular case of Theorem 5.3, the main result
of the article.

THEOREM 1.2: Let K be a field and A be a K -algebra with simple left module M
such that End(4M) = K. Let k,l,m,n be positive integers, let d1,ds,...,d, €
D(A) and let a1,09,...,q; be automorphisms of A. Let Ay,As,...,A,, be
distinct words of the form d%'d% ---diy. Suppose that the following conditions
are fulfilled:

(1) dy,ds,...,dy, are linearly independent over K modulo Dp(A) (i.e., if \; €

K, then Y. | d;\; is M-inner if and only if each \; = 0);

(2) either char(K) =0 or char(K) = p > 0 and each i; < p;

(3) a; and a; are M-independent for all i # j.
Then for any linearly independent elements x1,s,...,2x € M and for any ele-
ments zijs € M, i=1,2,...,k,j=1,2,...,m,t =1,2,...,l, there exists a € A
with

aAf“‘x,'zzijt foralli=1,2,....k,j=1,2,...,m,t=1,2,...,1.
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(It is understood that did3 - --d% acts as the identity map on A.)

Our approach to the proof of this (and other) theorems was inspired by classical
results on derivations and automorphisms of primitive rings with nonzero socle
(see [23, Chapter IV] and [4, Chapter 4]) and is different from methods used in
[10]. It is based on the detailed study of the concepts of M-outer derivations and
automorphisms and their interpretations in terms of associated modules.

The paper is organized as follows. Section 2 is preliminary. In Sections 3 and 4
we study automorphisms and derivations, respectively. As we shall see, the proofs
of results on automorphisms are considerably easier and are basically simple
consequences of the Extended Jacobson Density Theorem (see Proposition 2.1).
The main result is proved in Section 5. A somewhat sharper version of the main
result for primitive rings is obtained in Section 6. The goal of Section 7 is to prove
some applications of our results concerning derivations, and thereby to illustrate
the new techniques that can now be used in the study of derivations.

Our results are reminiscent of Kharchenko’s freeness theorem [27], but actually
they refer to the distinct classes of rings. Kharchenko’s result is connected with
primitive rings with nonzero socle, while our results are vacuous in this setting
because these rings do not admit M-outer derivations and automorphisms (see
Corollaries 3.3 and 4.3). Nevertheless, Kharchenko’s theory and our results have
something in common: they both make it possible for one to reduce certain
problems on general derivations and automorphisms to “inner” (that is, X-inner
or M-inner) ones. Both theories certainly have their limitations: one must have
some identity satisfied by derivations or automorphisms in a (semi)prime ring in
order to apply Kharchenko’s theory, while our results give some information only
modulo the Jacobson radical. In a way they are complementary to each other
and, roughly speaking, they both give the same, somewhat surprising message:
it is easier to deal with “outer” maps than with “inner” ones.

2. Density and local modules

Let A be a ring. Recall that a left .4-module M is called simple if AM # 0 and
AM has no nonzero proper submodules. If M is simple, then by Schur’s Lemma,
End(4M) is a division ring. The following result follows easily from the density
theorem for semisimple modules and, on the other hand, is just a rewording of
[13, Extended Jacobson Density Theorem)].

PRrROPOSITION 2.1: Let A be a ring, let n,my, ma,...,m, be positive integers,
let M;, i =1,2,...,n, be pairwise nonisomorphic simple left A-modules and let
D; = End(4M;). Further, let x;1,%io,...,Zim;, € M; be linearly independent
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over D; and let y;1,¥i2, .- -, Yim; € Mi, ¢t = 1,2,...,n. Then there exists a € A
such that ax;; = y;; foralli =1,2,...,n,j=1,2,...,m;.

Recall that a left A-module M is said to be local, if it contains a unique
maximal submodule £ such that M/L is a simple module and every proper
submodule of M is contained in £. Note that every simple left .A-module is
local.

We also recall that the Jacobson radical J(K) of a left .A-module K is equal to
the intersection of all submodules Y of K such that K/U is a simple .A-module.
If K has no such submodules, then J(K) = K.

Remark 2.2:  Let M be an A-module with submodule £ and let N, N;, 1 < i< n,
be left A-modules. Then:
(1) if : M = N is an epimorphism of modules, then J(M)a C J(N);
(2) J(@:}lzl Ni) = @?:1 J(Ni);
(3) assume that M has a generating set {x1,%s,...,2n} such that each z; €
Az;, and let £ be a submodule of M such that £ + J(M) = M; then
L = M (Nakayama’s Lemma);
(4) M is local with mazimal submodule £ if and only if Ax = M for all x ¢
M L if M is a local module with mazimal submodule L, then J(M) = L.

Since these statements are well-known for unital modules over a ring with unity
and we do not assume that A has a unity, we shall sketch their proofs.

Proof: (1) Clearly, if a: M — N is an epimorphism of modules and K is a
submodule of A such that A'/K is a simple left .A-module, then M/Ka ™! is a
simple left A-module (isomorphic to N'/K). Therefore J(M) C J(N)a~! and so
J(M)a C JWN).

(2) Applying (1) to canonical projections €., N; — N;, one easily gets that
J(@_ Ni) € @._; J(N;). On the other hand, if v+ @, N; = K is an
epimorphism onto a simple module K, then clearly J(N;) C ker(y) for all i,
which completes the proof.

(3) Assume that £ # M. Since M is finitely generated, by Zorn’s Lemma
there exists a maximal submodule N of M containing £. Clearly z; ¢ N for
some i and so Az; € N. Tt follows that M/N is a simple module and hence
J(M) C N, contradicting £+ J(M) = M.

(4) Suppose that M is local with maximal submodule £ and x € M \ L. Since
M/L is a simple A-module, Az € £ and so Az = M. On the other hand, if
Az = M for all z € M~ L, then M/L is a simple left A-module and every
proper submodule of M is contained in £. In particular J(M) = L. |
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THEOREM 2.3: Let A be a ring, let n,my,ma,...,my, be positive integers, let
M; be a local left A-module with a maximal submodule L;, i = 1,2,...,n, let
N; = M;/L; and let D; = End(aN;). Further, let x;1, %2, . .., Tim, be elements
of M; linearly independent over D; modulo £;, i = 1,2,...,n. Suppose that
N; E N for all1 <i# j <n. Then for any yi1,Ys2, - - - Yim, € M; there exists
a € A such that ax;; = y;; for all1 <i<n, 1 < j<m;.

Proof: Set M = @;_,(M]") where M}" is the direct sum of m; copies of M,.
Let

T = (T11,--+» Tlmyr T21s -+ - »Tmgs -« -3 Lnls- -« s Lnm,) and

T= (Y11s- -+ Ylmys Y2102 Y2mas - -2 Ynls - -2 Yy, )-
We claim that AT = M. Indeed, by Remark 2.2(3) it is enough to show that
AT + J(M) = M. According to Remark 2.2(2), J(M) = @, (J(M;)™) and
so M/J(M) = @, IM;/J(M;)]™. It now follows from Proposition 2.1 that
AZ + J(M)) = M/J(M) and so AT + J(M) = M. Therefore AT = M. In
particular there exists a € A with aZ = 7. Thus az;; = y;; for all 7 and j. |

3. Density and M-outer automorphisms

In what follows A will be a ring with simple left module M. We set D =
End(4M). By Schur’s Lemma D is a division ring. Given a € A, we define a
map Lo: M — M by L,z = ax for all z € M. Clearly L, € End(Mp).

Consider the ring End(AM) of all endomorphisms of the additive group M act-
ing on M from the left and consider the ring End(Mp) as a subring of End(M).
Given u € D, we define a map R,: M - M by R,z = zu, x € M. Clearly
D° = {Ry: u € D} is a subdivision ring of End(M) anti-isomorphic to D. Note
that [Ry, Lg) = 0 for all a € A and u € D. Clearly

(1) D° = {A € End(M): [A,L,) =0 for all a € A}

(see [4, p. 129]).

Let 7 be an automorphism of D. Recall that an invertible element T' € End(M)
is called a 7-semilinear automorphism of the right vector space Mp provided
that T(zu) = (Tz)u” for all z € M and u € D. Clearly an invertible element
T € End(M) is T-semilinear if and only if TR, T~ = R, for all u € D. Further,
an invertible element T' € End(M) is called a semilinear automorphism of the
right vector space Mp if it is 7-semilinear for some automorphism 7 of D. Clearly,
an invertible element T' € End(M) is a semilinear automorphism of My if and
only if TD°T~1 = D°.
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Now we introduce the concepts of M-inner and M-outer automorphisms.

Definition 3.1: An automorphism « of the ring A is called M-inner if there
exist an invertible element T' € End(M) such that

(2) TL,I ' =Lge forallae A;

otherwise it is called M-outer.

Suppose that (2) is satisfied. We claim that then T is a semilinear automor-
phism of Mp. Indeed, let « € D. Then [R,, L,] = 0 for all a € A and so

0=T[Ry, L)JT™' = [TR, T}, TL,T™ = [TR, T}, Lga).

Therefore [TR, T}, Lya] = 0 for all a € A. Since « is an automorphism of A, we
conclude that [TR,T~t, L,] = 0 for all a € A and whence TR,T~! € D° by (1).
Therefore TDP°T~! C D°. Substituting a®  for a in (2),weget TL o1 T71 =L,
and s0 T7'L,T = L_,-1 for all @ € A. By the above result T-!D°T C D° and
whence T~1D°T = D°. Thus T is a semilinear automorphism of the right vector
space Mop.

The following result is a particular case of [23, Isomorphism Theorem, p. 79).

THEOREM 3.2: Let A be a primitive ring with nonzero socle and let M be a
faithful simple left A-module. Then every automorphism of A is M-inner.

Suppose that dimp (M) = n < oo where M is a faithful simple left .A-module
and P = End(4M). The Jacobson Density Theorem then implies that A is
isomorphic to the ring of n x n matrices over D, so that the socle of A is nonzero.
Therefore, as an immediate corollary to Theorem 3.2 we can state

COROLLARY 3.3: Let A be a primitive ring with faithful simple left module M
and let D = End(4M). Suppose that A has an M-outer automorphism. Then
the socle of A is equal to 0 and dimp (M) = occ.

It is not too difficult to find primitive rings with trivial socle having M-outer
automorphisms. A more nontrivial question is whether the M-outerness depends
only on the automorphism or also on the module M. The answer is

Example 3.4: Let F be a field of characteristic zero and A be the Wey! algebra
over F generated by x and y and the relation [z, y] = 1. Recall that every element
p(z,y) of A can be uniquely written in the form

p(z,y) = ZZa”xy —ZZbﬂy%

1=0 j=0 3=01i=0
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where each a;j,b;; € F and amn # 0 # bnm (see [37, p. 19]). Further, Flz], the
algebra of polynomials in z over F, is a faithful simple left .A-module under the
multiplication given by

- (ZZaigxiyj) @ =YY ey T pedsern

i=0 j=0 i=0 j=0

(ie., z- f(z) = zf(z) and y- f(z) = f'(z)). Analogously, Fly] is a faithful simple
left A-module with respect to

Zzbﬂyaxw) . ZZ (~1)'bjiy? y’J , PEAheFy
3=0i=0 3=01i=0
(ie., y- h(y) = yh(y) and z - h(y) = —h'(y)).

We now define an automorphism « of the algebra A by the rule z® =z + 1,
y® = y. Since [z, y?] = 1, a is a well-defined automorphism of A. Set M = F[x]
and define a linear operator T: M — M by the rule T'f(z) = f(z + 1), f € M.
Clearly T is a bijective linear operator with T~!f(z) = f(z — 1). One can easily
check that TL,T~! = Ly and TL,T™' = Lya, and so TL,T™! = Lya for all
p € A. Thus « is M-inner.

On the other hand, we claim that « is N-outer, where N' = Fl[y]. Indeed,
suppose that there is an invertible operator S: F[y] — Fy| such that Ly41 =
Lgo = SL,S™Yand Ly = Lya = SL,S™!. Then S71L, + S~' = L,S~1. Since
L,1 = =1 = 0 (here 1 € F[y]), it follows that S~!1 = L, - S~!1, that is,
h(y) = —h(y)’ where h(y) = S~'1. Thus S~'1 = h(y) = 0, contradicting the
bijectivity of S. Therefore, a is A -outer.

We have thereby showed that even on simple rings there can exist auto-
morphisms which are simultaneously M-inner and A-outer for some simple left

modules M and N.

Suppose for a while that A is a prime ring. Recall that an automorphism « of
the ring A is said to be X-inner if there exists an invertible element t € Q,(A),
the symmetric ring of quotients of A, such that z® = tzt~! for all z € A (see
[4, Chapter 2]). If A is a primitive ring with faithful simple left .A-module M,
then M is also a faithful simple left Qs(A)-module (see [52], [4, Theorem 4.1.1]).
Therefore every X-inner automorphism of A is also M-inner. Example 3.4 shows
that the converse is not true. Namely, the automorphism « in this example is
M-inner but X-outer since it is AM-outer. Moreover, an automorphism can be
Me-inner for any simple faithful simple left module M, but still X-outer. In view
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of Theorem 3.2 this is true for any X-outer automorphism of a primitive ring
with nonzero socle.

Now, again let A be any ring with a simple left module M and « be an
automorphism of A. We define a left A-module M, as follows. As an abelian
group, M, = M. Given a € A and z € M,, we set a x4, = a®z. Clearly M,
is a simple left A-module. Further,

(a *q z)u = (a*z)u = a®(zu) = a *4 (zu)

forall u € D,a € Aand z € M,. Therefore there exists a monomorphism
of rings D — End(4My). Since 4M = 4(My)e-1, we conclude that D &
End(4M,). Henceforward we shall identify them, i.e.,

3) End(4M,) = D.

We shall say that automorphisms a and 8 of A are M-independent if the
automorphism o~!3 (and hence $~la) is M-outer; otherwise they are called
M-dependent.

ProrosITION 3.5: Let A be a ring with simple left module M and automor-
phisms a and 8. Then « and 8 are M-dependent if and only if the left A-modules
M, and Mg are isomorphic.

Proof:  Assume that o and 8 are M-dependent. Then there exists an automor-
phism T of the additive group M such that L_,-1, = TL,T7! for all a € A.
Therefore L,s = TL,«T~! and so

(4) LysT =TLee forallace A

Consider T as a bijective additive map M, — Mg. Then (4) implies that T is
an isomorphism of left A-modules.
Conversely, let T: M, — Mg be an isomorphism of left A-modules. Then

T(Lgaz) =T(a*qx) =ax*g (Tx) = Lys(Tz) forallae A, z € Mg.

That is, TLye = LosT. Substituting a®”" for a, we get TLy = L o-1,T and so
TL,T~'=L_.-1, for all a € A. Thus o' is M-inner. |

The main result of this section is

THEOREM 3.6: Let A be a ring with simple module 4M, let D = End(4M)
and let o, ag,...,a, be automorphisms of A. The following conditions are
equivalent:
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(1) a; and a; are M-independent for all i # j;

(2) given any z1,%3,...,Tym € M linearly independent over D and any y;; €
M,i=1,2,...,n,j=1,2,...,m, there exists a € A such that a® z; = y;;
foralli=1,2,...,n,j=12,...,m.

Proof: From Propositions 3.5 and 2.1 it follows that (1) implies (2). To prove
the converse, suppose that two of the automorphisms, @ = o; and 8 = o, i # j,
are M-dependent. Thus, (4) holds for some invertible T € End(M). But then
a?Tx =0, x € M, implies a®z = 0, and so (2) certainly does not hold. |

Let us mention that Theorem 3.2 follows easily from Theorem 3.6. Indeed, let
A be a primitive ring with nonzero socle, & be an automorphism of A, and M be
a faithful simple left 4-module. Pick any nonzero a € A such that aM = z¢D
for some nonzero xo € M. Next pick any 0 # £, € a® M. If b € A is any element
such that bxg = 0, then ba = 0 and hence b*a® = 0. Therefore b*z; = 0. But
then Theorem 3.6 tells us that & cannot be M-outer.

On the other hand, Theorem 3.2 can be deduced at once from Proposition 3.5
together with the fact that primitive rings with nonzero socle do not have noni-
somorphic faithful simple left modules.

4. Density and M-outer derivations

Throughout this section, .A will be a ring with simple left module M, D =
End(4M) and F will be the prime subfield of the division ring D. Clearly
M is a vector space over F. Recall that an additive mapping T M — M
is called a differential transformation if there exists a map v: D — D such that
T(zu)— (Tx)u = zu” for all z € M, u € D. It is easy to see that v is a derivation
of D.

By a derivation d: A — End(Mp) we mean an additive map satisfying (zy)¢ =
Loyt + :chy for all z,y € A. This extends the usual concept of a derivation
of a ring into itself since any derivation d: A — A gives rise to a derivation
d: A = End(Mp) given by a? = L. Moreover, if the ring A is primitive and
M is a faithful A-module, we can consider A as a subring of End(Mp) via the
embedding x — L,.

Definition 4.1: A derivation d: A — End(Mp) is called M-inner if there exists
an element T € End(M) such that

(5) [T, L] = a® forall a € A;

otherwise it is called M-outer.
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Of course, if d is a derivation of A into itself, then we shall say that d is
M-inner if d: A — End(Mp) is M-inner.
Note that (5) yields

0 = [T, [Ru, La]] = [Ru, [T’ La]] + [T, Ru], La] = [La, [Ry, T]]

for all u € D and a € A because [R,, L,] = 0 = [R,,a%]. By (1), [R,,T] C D°.
Setting [Ry,T] = Ry, we see that T'(zu) — (Tz)u = zu' for all z € M. That is
to say, T is a differential transformation of M.

We begin with some results analogous to those obtained in the precedent
section. First we have

THEOREM 4.2: Let A be a primitive ring with nonzero socle and let M be a
faithful simple left A-module. Then every derivation d: A — End{Mp) is M-
inner.

Proof: Since A is a primitive ring with nonzero socle, its maximal right ring of
quotients @, is equal to End(Mp) [4, Theorem 4.3.7]. Arguing as in the proof
of [4, Proposition 2.5.1], one can easily show that every derivation d: A — Q,,,
uniquely extends to a derivation d: Qur — Qumr. Clearly d is M-inner if and
only if d is M-inner. The result now follows from [23, Theorem 3, p. 87). 1

As in the automorphism case this yields

COROLLARY 4.3: Let A be a primitive ring with faithful simple left module M
and let D = End(4M). Suppose that A has an M-outer derivation. Then the
socle of A is equal to 0 and dimp (M) = oc.

Next we consider an analogue of Example 3.4.

Example 4.4: Let F be a field of characteristic 0 and let .A be the Weyl algebra
generated by x;,¥;, 2 = 1,2, ... and the relations

[vi,zj] = di5,  [zi,2;] =0 and [y;,9;]=0 foralls,j.

Let M = F[z1,22,...] be the algebra of polynomials in zy, xs,.... Given f € M,
we define z; - f = z;f and y; - f = 8f/0x;. Extending this multiplication to A,
M becomes a faithful simple left A-module.

Similarly, N' = Fly;,ys,...] becomes a faithful simple left A-module by
defining y; - f = —y;f and z; - f = 3f/0y;.

Define a derivation d: A — A by z¢ = 1, y¢ = 0 and extend it to A according
to the derivation law. Note that d is well-defined for

Wi, 5] + i, =) = [of, 2] + [z, 28] = [y, y;] + [vi, uf] =0,
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,7=12,...
Define a linear operator T: M — M by T'f = 0f/0x1 + 0f/0z2 + - --. Note
that T is well-defined and that Ly« = [T, L] for all p € A. Thus, d is M-inner.
Finally, suppose that there is an operator S: N' = N such that Ly« = [S, L]
for all p € A. In particular, we have [S,L;,] 1 =1, 1 = 1,2,..., which means
that h = S1 € N satisfies Oh/dy; = —1, i = 1,2,.... This is clearly impossible
and so d is N-outer.

Let .4 be a primitive ring. Repeating the arguments from the preceding section
we see that an X-inner derivation d: A — A (i.e., such that z¢ = tr — zt, z € A
for some t € Q,(A)) is also M-inner for any faithful simple left .4-module M,
and that the converse is not true in general.

Let d: A — End(Mp) be a derivation, let V be a vector space over F' with
basis {d,e}. Set My = V ®r M and define a left .A-module structure on the
vector space M, as follows:

a(d®r+e®y)=dQaz+e® (a®x+ay) forallz,ye M, a€ A

Clearly £(d) = e ® M is a submodule of My and My/L(d) & M via the map
d®z + L(d) = z, z € M. In what follows we shall identify End(4{Mg4/L(d)})
with D via

[d®z+ L(d)|]A=d® (zX) + L(d),

TEM,AeD.
The proof of the following result is an easy modification of that of [23, Propo-
sition 2, p. 85] and is included for the sake of completeness.

PROPOSITION 4.5: Let A be a ring with simple left module M and let d: A —
End(Mp) be an M-outer derivation. Then Mg is a local left A-module with
maximal submodule £(d).

Proof: If My is local, then £(d) is a maximal submodule, because it is a proper
submodule of My and M4/L(d) is simple.

Suppose that Mg is not local. Then there exists a proper A-submodule N of
My which is not contained in £(d). Since £(d) is a simple A-module, we have
that either N’ D L(d) or N' N L(d) = {0}. If N D L(d), then N'/L(d) must be
a nonzero proper submodule of the simple A-module My/L(d) & M, which is
impossible. Therefore NN £(d) = {0}. It follows that A is isomorphic to the
simple left A-module My/L(d) X M. Let 0 #e®y+d®z € N. Thenz #0
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since N N L(d) = {0}. It is clear that y is uniquely determined by = because
N N L(d) = {0}. Further,

a(e®@y+d®z)=e® (ay +a%z) +dQazx, ac A

As z # 0, Az = M and so for every u € M there exists a uniquely determined
veEMwithe®v+d®u e N. We define a map T: M — M by the rule
Tu = v. Clearly T is well-defined and T € End(M). Since a(e®@v+d®@ u) =
e ® (av + a%u) + d ® au, we see that T(au) = av + a%u = aTu + a%u and so
[T, LoJu = au for all u € M. That is, [T, L,] = a¢ for all @ € A, a contradiction.
|

The next result generalizes Theorem 1.1.

THEOREM 4.6: Let A be a ring with simple module 4M, let D = End(4M)
and let d: A — End{Mp) be a derivation. Then the following conditions are
equivalent:
(1) d is M-outer;
(2) given any elements x1,xs,...,2n, € M linearly independent over D and
arbitrary elements y1, ¥y, . . -, Yn, 21, 22, - - . , 2n, € M, there exists an element
a € A such that

d,. _ .
ar; =y, a'r;=2; t=12,...,n.

Proof: Suppose that d is M-outer. Then My is a local A-module. Set T; = d®x;
and Y, =d®yi+e®z,i=1,2,...,n. By Theorem 2.3, there exists a € A such
that a7; = 7; for all i = 1,2,...,n. That is to say, az; = y; and az; = z; for all
1=1,2,...,n.

Conversely, suppose that (2) is fulfilled and there exist T € End(Mp) with
at = [T, L,) for all a € A. We shall argue as in [10]. Pick 0 # z € M. If x and
Tz are linearly independent over D, then by the assumption there exists a € A
with az = 0 = aT'z and a% = z. If x and Tz are linearly dependent, we choose
a € A such that az = 0 and a%z = z. In this case we also have that Tz = 0.
We now have that

z =a%z = [T, Lo)x = Taz — aTz =0,

a contradiction. Thus d is M-outer. ]

We note that, analogously to the automorphism case, Theorem 4.2 can be
deduced at once from Theorem 4.6. Basically we will just repeat the argument
given in (47, Remark 3.5]. Let A be a primitive ring with nonzero socle, d: A —
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End(Mp) be a derivation, and M be a faithful simple left A-module. Pick a
nonzero a € A such that axg = z¢ and aM = z¢D for some nonzero xy € M.
Given any b € A such that bry = b(a%zg) = 0, we have ba = 0 and hence
ba + ba® = 0. In particular, b%zy = 0. But then d is M-inner by Theorem 4.6.

The goal of this section is to prove an analogue of Theorem 4.6 for more
derivations. Consider derivations d;: A — End(Mp), ¢ = 1,...,n. Denoting by
Dp(A) the set of all M-inner derivations, we shall say that dq,ds,...,d, are
dependent over D modulo Dy (A), if there exist elements Ay, Ag,..., A\, €D
not all 0 and T' € End(M) such that "~ ; a%zA;+[T, L,]Jz = 0 for all a € A and
z € M; otherwise they are called independent over D modulo Da(A). Let V be
a vector space over F' with basis {dn,e1,ea,...,e,}. We set Mg =VeorM.
Clearly My is a left .A-module under the multiplication

n n
a (En®$+26i®xi) :En®az+Zei®(adix+am,—)

i=1 i=1

foralla € A, 2,71, 72,...,2, € M. Weset L(d,) = Y i, ;@M. Clearly £(d,,)
is a submodule of ME" isomorphic to the direct sum of n copies of M. Obviously
Mg, /L(dn) = M. The reader will see that the modules Mgz and L(d,) will
play the same role in proving the density theorem for derivations dy,ds, ..., d, as
modules My and £(d) in the proof of Theorem 4.6. We first prove the following
generalization of Proposition 4.5.

PRrROPOSITION 4.7: Suppose that dy,ds,...,d, are independent over D modulo
Dp(A). Then My is a local module with maximal submodule L(dy).-

Proof: We proceed by induction on n. The case n = 1 follows from Proposi-
tion 4.5. In the inductive case we assume that Mgz  is a local module with
maximal submodule £(dn_1) = Y17 e; ® M.

Pick z,x1,29,...,2, € M with x # 0 and set

n—1
f=3n_1®$+zei®xi E/'\/t;i-%1 andy=d, @r+e@x, € My,.
=1
Suppose that a7 = 0, a € A, implies a§ = 0. Note that AZ = Man—l and
Ay = My, by Remark 2.2(4). It follows that there exists an epimorphism of
modules B: Mg — My,. By Remark 2.2(1), B maps the Jacobson radical

L(dn_1) of My _ into the Jacobson radical £(dn) = e ® M of My, . Since each
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e; @ M = M, there exist elements Ay, A2, ..., An—1 € D such that

n—1 n—1
(Zei@)zi) B = Ze@zi)\i for all z,...,2, € M.
i=1 i=1

If (£(d,_1))B8 = 0, then B induces an epimorphism of the simple module M =
Mﬁn_l/ L(d,,_1) onto the local module M, , which is impossible. Therefore
(£(dyn~1))B # 0 and so not all \;’s are equal to 0.

Clearly 8 induces a homomorphism of modules

M= Man_l/ﬂ(an_l) — Mg, /L(d,) =M
and so there exist elements A € D and T € End(M) such that
(dp1®2)B=dpn®22A+e®T2z forall z€ M.

Given a € A and z € M, we now have

dp®azd+e®a% A +e®aTlz =a(d, ® 2A + e ® T2) = a[(dn_1 ® 2)]

n—-1
=la(dn-1® Z)]ﬂ=<an—1®az+z e; ® a% z) B

i=1
n—1
=d, QazA +e®T(az)+ Z e®aiz)
=1
and hence

n—1

Z a%izd —a%zh + [T, Lg)z = 0

i=1

for all a € A and z € M, a contradiction. This shows that there exists a € A
such that ax = 0 and aj # 0. That is,

d

6) ar=ahz+ari=---=a*'24+az,_1 =0 and a®z+az, #0.

Let z € Mg ™ L(d,). According to Remark 2.2(4), it is enough to show that
Az = ME"' To this end, write Z = d,, @  + 2?21 e; ® x; where z,z; € M.
Clearly x # 0. Therefore, by what we have just shown, there exists a € A such
that (6) is fulfilled. Hence aZ = ¢, ® (a®x + az,) # 0 and s0 €, ® M C AzZ.
Since Mg /(en ® M) = My _ which is local by the induction assumption, we
conclude that

.A—Z_IAE‘FCH@)M:ME". B

We are now in a position to prove the main result of this section.
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THEOREM 4.8: Let A be a ring with simple module 4M, let D = End(4M)
and let di: A — End(Mp), i = 1,2,...,m, be derivations. Then the following
conditions are equivalent:
(1) di,dy,...,dy, are independent over D modulo Dp(A);
(2) given any elements xy,%a,...,%, € M linearly independent over D and
arbitrary elements y;,2z;; € M, 1 < i < n, 1 < j < m, there exists an
element a € A such that

- d _ L .
ar; =¥, 6w =25, 1=1,2,...,n, 3=12,...,m.

Proof:  Suppose that (1) is fulfilled. Then M is a local .A-module by Propo-
sition 4.7. Set T; = d,, ® z; and ¥ =dm Qu; +E;~n=1 ej®zj,1=1,2,...,n. By
Theorem 2.3 there exists a € A such that a%; =7, for alli = 1,2,...,n. Clearly
a is the desired element.

Now suppose that (1) does not hold, that is, that there exist elements A; € D,
1 <i<n, with A; # 0 and T € End(M) such that Y 1, a%z); + [T, L)z = 0
for all a € A and £ € M. Assume that (2) holds true. Arguing similarly as
in the proof of Theorem 4.6 we see that given any nonzero z € M we can find
a € A such that ax = aTz = a®z = --- = a% 2z = 0 and a® 2z = z, which yields
xAy = 0. With this contradiction the theorem is proved. |

5. The main theorem

Let A C B berings, let M be a left B-module which is simple as an .4-module, and
assume that D = End(4M) is equal to End(zM) (the main reason for dealing
with two rings is that we shall need this in the next section). Let D(B) be the
additive group of derivations of B — B. Given d € D(B), it induces a derivation
d: A — End(Mp) given by the rule a? = L,. Let n be a positive integer.
We shall say that derivations dy,ds,...,d, € D(B) are independent over D
modulo Daq(A) if di,ds,...,d, are independent over D modulo Dp¢(A). In
what follows F is the prime subfield of D.
Let n,my, ma,...,m, be positive integers and let dy,ds,...,d, € D(B). We

set

m= (ml,mg,. ..,mn),

Qm) ={5=(51,82,..-,80): 0< 8, <my, 1 =1,2,...,n},
Az =di*dy?...dJr, S€Q(m) and
0=(0,0,...,0).

It is understood that Ag = e, the identity map B — B. Given 3,7 € Q(m), we
shall write 3 > 7 provided that s; > r; for all : = 1,2,...,n. Let a,b € A4 and
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5 € Q(m). According to Leibnitz Formula {4, Remark 1.1.1],

(7) (@)= ¥ (i)aag_;bm

TEQ(m),

<5

where (2) = [TiL, (). Let V be the vector space over F with basis {Ag: 5 €
Q(m)}. We set Moem) = V ®p M. When the context is clear, we shall simply
write Mg for Mqem) and Q for Q(m). It follows from (7) that Mg is a left

A-module under the operation

) ds@z)= ) <§) As 7 ®a T

TEQF<F

foralla € A, x € M, 5 € Q. Moreover,

L= > AseM

<
is a submodule of Mg such that
9) Ma/L(Q2) =M
as A-modules. Given 5 € {2, note that

(10) Mai) = Z Ar @M C Mg
FEQ(F)

for all 5 € Q. Finally, if 5 = (s1,52,...,8,) € Q, weset [5| =Y 1 s;. The reader
will see that the modules Mg and £(2) are the main tool in the proof of our
main result.

PROPOSITION 5.1: Suppose that the following conditions are fulfilled:
(1) dy,dy,...,dn € D(B) are independent over D modulo D p(A);
(2) either char(D) = 0 or char(D) = p > 0 and each m; < p.

Then Mg is a local A-module with maximal submodule L().

Proof: Given T € Mg ™ L(€), in view of Remark 2.2(4) it is enough to show
that AZ = Mg. In order to prove the equality, we shall make use of the triple
induction. The first induction is on ||. On the inductive step on |7| we shall
represent £(§2) as a union of certain A-submodules Vg, —1 < k < |m] — 1 (with
N_; = 0) and proceed by induction on k to show that Ny C AZ for all k (and so
L() C AZ forcing AT = Mg in view of (9)). Making the induction step on k,
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we shall introduce the concept of the height h(z) of the element 2 € AT ~ N1
and proceed by the induction on h(z).
We now proceed by induction on |[7|. If || = 1, then n = 1 = m;. In this
case Mg = My, £(Q) = L(d;) and the result follows from Proposition 4.5.
In the inductive case we may assume that each Mg is local for all 5 €
with |3| < |mi|. Let
T = Z Az Q@ x5 € Mg
SEQ
with 27 # 0. By Remark 2.2(4) it is enough to show that AT = Mgq. It follows
from (8) that
aT — Am Q@ azm € L{Q)
and so AT + L(Q) = Az ® Azm + L(Q) = Mgq. Therefore it is enough to show
that AZ O L(Q).
Let k be a nonnegative integer. We set N_; = 0 and

Ne = Z Az @ M C Mg.
5€Q,[3]<k
Clearly L(2) = Njmj~1. We proceed by induction on k to prove that N C AZ.
The case k = —1 is clear. In the inductive case we assume that Az 2 Ny_. If
k = |m|, then Mx—1 = L£(2) and there is nothing to prove. 