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ABSTRACT 

We in t roduce  and  s t udy  A/l-outer derivat ions and  a u t o m o r p h i s m s  and  

prove a version of the  Chevalley Jacobson  dens i ty  t heo rem for rings wi th  

such derivat ions and  au tomorph i sms .  

1. I n t r o d u c t i o n  

In this paper we continue the project initiated recently in [10]; its main idea is to 

connect the concept of a dense action on modules with the concept of outerness 

of derivations and automorphisms. 

In particular, one can view our results as generalizations of the Chevalley- 

Jacobson density theorem. This celebrated theorem is one of the important tools 

of ring theory and has already been generalized in various directions [1, 2, 3, 17, 

24, 26, 29, 44, 54, 56, 57, 58] (see also [53, 15.7, 15.8] and [13, Extended Jacobson 

Density Theorem]). 
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Perhaps the most natural and fundamental problem of the theory of derivations 

and automorphisms of rings and algebras is the question of their form, that is, 

the question of their innerness or outerness. This problem has a long and rich 

history. For instance, the classical Noether-Skolem theorem yields the solution of 

this problem for finite dimensional central simple algebras (see, e.g., [19, Section 

4.3]). In another classical case of primitive rings with nonzero socle [23, Chapter 

IV] one already notes that it is sometimes convenient to extend the concept of 

innerness by allowing that the element, inducing the derivation or automorphism, 

lies in a bigger algebra. This is also the case in the theory of X-inner derivations 

and automorphisms initiated by Kharchenko (see, e.g., [4, 28, 39]). Finally, 

we remark that the theory of derivations and automorphisms does not play an 

important role only in ring theory, but also in functional analysis; concerning the 

question of innerness, an extensive and deep theory has been developed especially 

for derivations of C*-algebras and comnmtative Banach algebras (see, e.g., [6, 

40, 46] and also a more recent condensed survey [38]). Especially in analysis 

it is customary to treat derivations of one algebra into a bigger one (or into a 

bimodule); for most part of the paper we will work in this more general setting. 

It is not our intention to address explicitly the question whether all derivations 

or automorphisms are inner on some special type of rings or algebras (though we 

hope that our results might turn out to be useful when considering this question). 

What we want to show here is that those derivations and automorphisms, which 

are "outer" in a sense defined below, have some very special and nice proper- 

ties. To explain this more precisely, we have to introduce some notation and 

terminology. 

In our main results we shall consider arbitrary rings. However, for the sake 

of simplicity we assume temporarily that A is an algebra over a field K and 

that A4 is a simple left A-module such that End(AM) -- K.  It is noteworthy 

that the latter condition is always satisfied for any complex Banach algebra A 

(namely, End(AM) is the complex number field for any simple left A-module 

A/I [6, Corollary 5, p. 128]). As both rings and algebras will be considered, it 

is perhaps necessary to mention that whenever we shall deal with a derivation 

or an automorphism of an algebra, we shall mean that it is a linear (and not 

just additive) map. Given a E A, it clearly defines a linear transformation 

La: J~K "--} . /~g given by Lax = ax for all x E A~. We shall say that  a 

derivation d: ,4 --~ A is M-inner  provided that there exists T E End(AJg)  such 

that La~ = IT, La] for all a C ,4 (derivations and automorphisms will be written 

as exponents); otherwise d is called M-outer .  Denote by D(A)  the set of all 
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derivations of the algebra ~4 and by D~a (A) the set of all M-inner  derivations of 

,,4. Clearly D(,4) is a vector space over K and D ~ ( A )  is a subspace of D(A). 

Further, we shall say that automorphisms a and g of A are M-dependent  if there 

exists an invertible linear transformation T of M such that La~-i ~ = T L a T  -1 

for all a C ,.4; otherwise they are called M-independent.  

Recently the second author jointly with Semrl proved the following result. 

THEOREM 1.1 ([10, Theorem 3.6]): Let A be a dense algebra of  linear operators 

on a vector space M ,  and let d be a derivation of  .A. Then the following conditions 

are equivalent: 

(1) d is M-outer;  

(2) given any linearly independent set {x l ,  x 2 , . . . ,  Xn} C_ M and arbitrary sets 

{Yl, Y2 , . . . ,  Yn}, {zl ,  z 2 , . . . ,  zn} C_ M ,  there exists a E .4 such that 

axi = yi and aaxi = zi for all i = l , 2 , . . . , n .  

A special case when n = 2 was obtained somewhat earlier [8]. We also mention 

results of Sinclair [47, Theorem 3.3] and Turovski and Shulman [50, Proposition 

1.1] which do not really discover the connection between density and derivations, 

but they both establish that M-outer  derivations have some special properties; 

in a way, they can be considered as predecessors of Theorem 1.1. In the present 

paper we generalize this theorem to any ring with simple left module and com- 

positions of derivations and automorphisms. In particular we prove the following 

theorem which is an important particular case of Theorem 5.3, the main result 

of the article. 

THEOREM 1.2: Let K be a field and A be a K-algebra with simple left module M 

such that End(.4M) = K.  Let k, l, m,  n be positive integers, let dl, d2 , . . . ,  d~ E 

D(A)  and let a l , a 2 , . . . , ( ~ l  be automorphisms of A.  Let A1, A 2 , . . . ,  A,~ be 

~1 i2 .. d~,. Suppose that the following conditions distinct words of  the form d 1 d 2 �9 

are fulfilled: 

(1) dl, d2 , . . . ,  d,~ are linearly independent over K modulo Dza(A)  (i.e., i f  Ai C 

K ,  then ~in=l diAi is M- inner  i f  and only i f  each Ai = 0); 

(2) either char(K) = 0 or char(K) = p > 0 and each it < p; 

(3) ai and aj  are M-independent  for all i ~ j .  

Then for any linearly independent elements xl,  x 2 , . . . ,  ~:k E A4 and for any ele- 

ments zijt C A/I, i = 1 , 2 , . . . , k ,  j = 1 , 2 , . . . , r a ,  t = 1 , 2 , . . . , l ,  there exists a C A 

with 

aAJ~':C~ = Zijt for all i = l , 2 , . . . , k ,  3" = l , 2 , . . . , m ,  t = l , 2 , . . . , l .  
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(It is understood that  d~ld ~  d ~ acts as the ident i ty  map  on ,4.) 

Our approach to the proof of this (and other) theorems was inspired by classical 

results on derivations and automorphisms of primitive rings with nonzero socle 

(see [23, Chapter IV] and [4, Chapter 4]) and is different from methods used in 

[10]. It is based on the detailed study of the concepts of M-outer  derivations and 

automorphisms and their interpretations in terms of associated modules. 

The paper is organized as follows. Section 2 is preliminary. In Sections 3 and 4 

we study automorphisms and derivations, respectively. As we shall see, the proofs 

of results on automorphisms are considerably easier and are basically simple 

consequences of the Extended Jacobson Density Theorem (see Proposition 2.1). 

The main result is proved in Section 5. A somewhat sharper version of the main 

result for primitive rings is obtained in Section 6. The goal of Section 7 is to prove 

some applications of our results concerning derivations, and thereby to illustrate 

the new techniques that can now be used in the study of derivations. 

Our results are reminiscent of Kharchenko's freeness theorem [27], but actually 

they refer to the distinct classes of rings. Kharchenko's result is connected with 

primitive rings with nonzero socle, while our results are vacuous in this setting 

because these rings do not admit J~d-outer derivations and automorphisms (see 

Corollaries 3.3 and 4.3). Nevertheless, Kharchenko's theory and our results have 

something in common: they both make it possible for one to reduce certain 

problems on general derivations and automorphisms to "inner" (that is, X-inner 
or M-inner) ones. Both theories certainly have their limitations: one must have 

some identity satisfied by derivations or automorphisms in a (semi)prime ring in 

order to apply Kharchenko's theory, while our results give some information only 

modulo the Jacobson radical. In a way they are complementary to each other 

and, roughly speaking, they both give the same, somewhat surprising message: 

it is easier to deal with "outer" maps than with "inner" ones. 

2. D e n s i t y  a n d  local m o d u l e s  

Let ,4 be a ring. Recall that a left A-module A4 is called s i m p l e  if A M  ~ 0 and 

AM has no nonzero proper submodules. If M is simple, then by Schur's Lemma, 

End(AM) is a division ring. The following result follows easily from the density 

theorem for semisimple modules and, on the other hand, is just a rewording of 

[13, Extended Jacobson Density Theorem]. 

PROPOSITION 2.1: Let  A be a ring, let n, I1~1, m2, . . . ,  mn be posit ive integers, 

let fl4i, i = 1, 2 , . . . ,  n, be pairwise nonisomorphie simple left A -modu les  and let 

Z)i -- End(AMi).  Eurther, let x i l  , xi2, . . . , Xim~ E J~4i be linearly independent  
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over 1)i and let Yil, Yi2,...,Yim~ E A4i, i -- 1 , 2 , . . . , n .  Then there exists a E fit 

such that axij -= Yij for all i = 1, 2 , . . . ,  n, j = 1, 2 , . . . ,  mi. 

Recall that  a left A-module A4 is said to be local,  if it contains a unique 

maximal submodule /: such that  A4/L: is a simple module and every proper 

submodule of A4 is contained in s Note that every simple left A-module is 

local. 

We also recall that  the Jacobson radical J(/C) of a left A-module/C is equal to 

the intersection of M1 submodules L/of  IC such tha t /C/L/ i s  a simple A-module. 

If 1C has no such submodules, then J ( ~ )  =/C. 

Remark 2.2: Let A4 be an A-module with submodule f~ and let A/', Afi, 1 < i < n, 

be left A-modules. Then: 

(1) / f a :  A4 --+ Af is an epimorphism of modules, then J (A4)a  c J(Af); 
j n n 

(2 )  = 

(3) assume that f14 has a generating set {Xl,X2, . . . ,  xn} such that each xi �9 

Ax i ,  and let f_. be a submodule of f14 such that s + J(A4) -= A4; then 

f~ -= A4 (Nakayama's Lemma); 

(4) A4 is local with maximal submodule s if and only if A x  -- A4 for all x �9 

A4 \ s  if A4 is a local module with maximal submodule s then J(A4) = f~. 

Since these statements axe well-known for unital modules over a ring with unity 

and we do not assume that  fit has a unity, we shall sketch their proofs. 

Proof: (1) Clearly, if c~: A4 --+ Af is an epimorphism of modules and ~ is a 

submodule of Af such that Af/IC is a simple left A-module, then M/t~c~ -1 is a 

simple left A-module (isomorphic to A/'//C). Therefore J(A4) C_ g(Af)a -1 and so 

g(A4)c~ c g(Af). 

(2) Applying (1) to canonical projections ~)i~1 Af~ -~ Nj,  one easily gets that  

J ( ~ i = l  Afi) c_ ~)i=z J(Afi). On the other hand, if ~/: ~)i=z ~ -+ ~ is an 

epimorphism onto a simple module IC, then clearly J(Af~) c_ ker('y) for all i, 

which completes the proof. 

(3) Assume that s r A4. Since A4 is finitely generated, by Zorn's Lemma 

there exists a maximal submodule A / o f  A4 containing s Clearly xi ~ Af for 

some i and so Axi  ~: Af. It follows that  M / A ;  is a simple module and hence 

J(A4) C Af, contradicting s + J(A4) = A4. 

(4) Suppose that A4 is local with maximal submodule s and x �9 M \ s Since 

f l4 / s  is a simple A-module, fax ~= s and so Ax -- A4. On the other hand, if 

Ax = A4 for all x �9 M \ s then M / s  is a simple left A-module and every 

proper submodule of A4 is contained in s In particular J(A4) = s | 
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T H E O R E M  2.3: Let  A be ~ ring, let n, m l ,  m2, .  � 9  mn be positive integers, let 

M i  be a local left A - m o d u l e  with a max ima/submodule  s i = 1, 2 , . . . ,  n, let 

Hi  = A J i / s  and let :Di = End(AAf/). Further, let xi l ,  x i ~ , . . . ,  Xim~ be dements  

o f  M i  linearly independent  over :Di modulo  s i = 1, 2 , . . . ,  n. Suppose that  

Afi ~ Afj for a11 1 < i ~ j <_ n. Then for any Yil ,Yi2, . . . ,Yim~ �9 M i  there exists 

a �9 A such that  a x i j  -~ Y i j  f o r  al] I < i < n, 1 < j < mi.  

~t ?yt i m l  Proof'. Set M = ( ~ = l ( M i )  where M i is the direct sum o f m i  copies of M i .  

Let 

We claim that  

( X 1 1 , . . . ~ X l m 1 , X 2 1 , . . . , X 2 m 2 ~ . . . , X n l ~ . . . , X n m n )  and 

(Y11, . ' . ,Ylm~,Y21, ' . - ,Y2m2, ' ' - ,Ynl , ' ' ' ,Ynm~)"  

,4~ = M .  Indeed, by Remark 2.2(3) it is enough to show that  

~4~ + J ( M )  = M .  According to Remark 2.2(2), J ( M )  = (~in=l(J(Mi)  m~) and 

so M / J ( M )  = ( ~ : ~ , [ M i / J ( M i ) ]  "~. I t  now follows from Proposition 2.1 that  

A ( 2  + J ( M ) )  = M / J ( M )  and so A ~  + J ( M )  = M .  Therefore A~ = M .  In 

particular there exists a �9 A with ax = y. Thus axij  : Yij for all i and j .  | 

3. Density and M-outer automorphisms 

In what follows ~4 will be a ring with simple left module M .  We set 7) = 

End(AM).  By Schur's Lemma :D is a division ring. Given a E A, we define a 

map La: M --+ M by Lax  = ax for all x E M .  Clearly La E End(Mz)).  

Consider the ring End(A//) of all endomorphisms of the additive group M act- 

ing on M from the left and consider the ring End(Mz~) as a subring of End(M) .  

Given u C 7), we define a m a p R ~ :  M - - +  M b y R ~ x  = xu,  x E M .  Clearly 

:D ~ = {R~: u E :D} is a subdivision ring of End (M)  anti-isomorphic to 7). Note 

that  [R~, La] = 0 for all a E A and u E 7). Clearly 

(1) 7) ~ = {A �9 End(M) :  [A, La] = 0 for all a �9 .4} 

(see [4, p. 129]). 

Let T be an automorphism of / ) .  Recall that  an invertible element T �9 End (M)  

is called a T-semilinear automorphism of the right vector space M ~  provided 

that  T ( x u )  = ( T x ) u  ~ for all x �9 M and u �9 7). Clearly an invertible element 

T �9 E n d ( M )  is T-semilinear if and only if TR,~T -1 = Ru,  for all u C 7). Further, 

an invertible element T �9 E n d ( M )  is called a semilinear automorphism of the 

right vector space M ~  if it is T-semilinear for some automorphism r of :D. Clearly, 

an invertible element T �9 E n d ( M )  is a senfilinear automorphism of M ~  if and 

only if T:D~ - x = :Do. 
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Now we introduce the concepts of ~l-inner and M-outer  automorphisms. 

Detinition 3.1: An automorphism c~ of the ring A is called 3 4 - i n n e r  if there 

exist an invertible element T ~ End(M)  such that 

(2) T L a T  -1 = La~ for a l l a E A ;  

otherwise it is called M - o u t e r .  

Suppose that (2) is satisfied. We claim that then T is a semilinear automor- 

phism of 347). Indeed, let u E 7). Then [R~, La] = 0 for all a C A and so 

0 = TIRe, na]T -1 = [TRuT -1, T L a T  -1] = [TROT -1, nazi. 

Therefore [TRuT -1, Leo] = 0 for all a E A. Since c~ is an automorphism of A, we 

conclude that [TR,,T -~, La] - 0 for all a G A and whence TR, ,T  -~ E 790 by (1). 

Therefore T79~ -1 C 7) ~ Substituting a ~-1 for a in (2), we get T L  ~ 1T -1 = La 

and so T - 1 L ~ T  = L o-1 for all a E A. By the above result T-179~ C_ D ~ and 

whence T - ~ D ~  = 79o. Thus T is a semilinear automorphism of the right vector 

space Adz). 

The following result is a particular case of [23, Isomorphism Theorem, p. 79]. 

THEOREM 3.2: Let A be a primitive ring with nonzero soele and let 3/[ be a 

faithful simple left A-module. Then every autornorphism of A is 34-inner. 

Suppose that dim~)(Ag) = n < oc where 3,4 is a faithful simple left A-module 

and 7) = End(AiM). The Jacobson Density Theorem then implies that A is 

isomorphic to the ring of n x n mat, rices over 79, so that the socle of A is nonzero. 

Therefore, as an immediate corollary to Theorem 3.2 we can state 

COROLLARY 3.3: Let A be a primitive ring with faithful simple left module 34 

and let 79 = End(A34). Suppose that A has an JM-outer automorphism. Then 

the socle of A is equal to 0 and dim~(A4) = oc. 

It is not too difficult to find primitive rings with trivial socle having 34-outer 

automorphisms. A more nontrivial question is whether the Wi-outerness depends 

only on the automorphism or also on the module M. The answer is 

Example 3.4: Let F be a field of characteristic zero and A be the Weyl algebra 

over F generated by x and y and the relation [x, y] -- 1. Recall that  every element 

p(x, y) of A can be uniquely written in the form 

m n ~q~ ?qq, 

i=0 j=0  j=0  i=0 
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where each aij, bji C F and am~ ~ 0 ~ bum (see [37, p. 19]). Further, F[x], the 

algebra of polynomials in x over F,  is a faithful simple left A-module under the 

multiplication given by 

p-  S = �9 S(x)  = ) ,  p e A,  S �9 
a x  

i=o j=o i=o j=o 

(i.e., x .  f ( x )  ---- x f ( x )  and y.  ] ( x )  = f ' ( x ) ) .  Analogously, F[y] is a faithful simple 

left M-module with respect to 

p . h =  iyJx ~ . h ( y ) =  _l)~bj iy  Ja ), p � 9 1 4 9  
\5=0 i=o / 5=0 ~=o 

(i.e., y . h(y) = yh(y)  and x . h(y) = - h '  (y) ). 

We now define an automorphism a of the algebra A by the rule x a = x + 1, 

ya = y. Since [x a, ya] = 1, c~ is a well-defined automorphism of A. Set A4 = Fix] 

and define a linear operator T: A/[ ~ 2~4 by the rule T f ( x )  = f ( x  + 1), f �9 A4. 

Clearly T is a bijective linear operator with T - i f ( x )  = f ( x  - 1). One can easily 

check that T L z T  -1 = Lx~ and T L y T  -1 = L y , ,  and so TLv  T - 1  = Lv~ for all 

p �9 ,4. Thus a is M-inner.  

On the other hand, we claim that c~ is N-outer ,  where Af = F[y]. Indeed, 

suppose that there is an invertible operator S: F[y] -+ FlY] such that L~+I = 

L~,  = S L ~ S  -1 and Ly = Ly~ = S L u S  -1.  Then S - 1 L ~  + S -1 = L~S  -1.  Since 

L~I = - 1 '  = 0 (here 1 �9 F[y]), it follows that S-11 = L~ .  S-11, that is, 

h(y) = - h ( y ) '  where h(y) = S-11. Thus S-11 = h(y) = 0, contradicting the 

bijectivity of S. Therefore, ~ is Af-outer. 

We have thereby showed that even on simple rings there can exist auto- 

morphisms which are simultaneously A~t-inner and Af-outer for some simple left 

modules A4 and A/'. 

Suppose for a while that A is a prime ring. Recall that an automorphism c~ of 

the ring A is said to be X-inner if there exists an invertible element t �9 Q~ (A), 

the symmetric ring of quotients of A, such that x ~ = t x t - 1  for all x �9 A (see 

[4, Chapter 2]). If A is a primitive ring with faithful simple left M-module A//, 

then jl4 is also a faithful simple left Q~(A)-module (see [52], [4, Theorem 4.1.1]). 

Therefore every X-inner automorphism of ,4 is also A4-inner. Example 3.4 shows 

that the converse is not true. Namely, the automorphism c~ in this example is 

2~4-inner but X-outer  since it is H-outer .  Moreover, an automorphism can be 

2~4-inner for any simple faithful simple left module J~4, but still X-outer. In view 
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of Theorem 3.2 this is true for any X-outer  automorphism of a primitive ring 

with nonzero socle. 

Now, again let A be any ring with a simple left module M and a be an 

automorphism of A. We define a left A-module M a  as follows. As an abelian 

group, M a  = M .  Given a E ,4 and x E M ~ ,  we set a *a x = a~x. Clearly M ~  

is a simple left A-module. Further, 

(a *~ x)u -- (a~x)u = a~(xu) = a *~ (xu) 

for all u E :D, a C ,4 and x c M~.  Therefore there exists a monomorphism 

of rings T~ --+ E n d ( n M a ) .  Since A M  TM A(Ma)a-~,  we conclude that  :D 

End(AM~).  Henceforward we shall identify them, i.e., 

(3) End (AM a)  = / ) .  

We shall say that  automorphisms a and/3 of ,4 are M - i n d e p e n d e n t  if the 

automorphism a-1/~ (and hence ~ - l a )  is M-outer ;  otherwise they are called 

M-dependent .  

PROPOSITION 3.5: Let ,4 be a ring with simple left module M and automor- 

phisms a and ft. Then a and/3 are M-dependent  i f  and only i f  the left A-modules 

M a  and M E are isomorphic. 

Proof'. Assume that  a and ~ are M-dependent .  Then there exists an automor- 

phism T of the additive group M such that  La~-i ~ = T L a T  -1 for all a E ,4. 

Therefore L ~  = T L ~ T  -1 and so 

(4) L ~ z T = T L a ~  for a l l a C A .  

Consider T as a bijective additive map M ~  --+ M E. Then (4) implies that  T is 

an isomorphism of left A-modules. 

Conversely, let T: M ~  --~ M E be an isomorphism of left A-modules. Then 

T ( L a ~ x ) = T ( a * ~ x ) = a , ~ ( T x ) = L ~ ( T x )  for a l l a E A ,  x c M  E. 

Tha t  is, TL~,  = L ~ T .  Substituting a ~-1 for a, we get TLa = L a , - I z T  and so 

T L ~ T  -1 = L ~ - I ~  for all a E A. Thus a-lfl is M-inner .  | 

The main result of this section is 

THEOREM 3.6: Let A be a ring with simple module A M ,  let :D = End(,4M) 

and let a l ,  a 2 , . . . , a n  be automorphisms of  A.  The following conditions are 

equivalent: 
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(1) ai  and a j  are M - i n d e p e n d e n t  for all i r j ;  

(2) given any  x l ,  x 2 , . . . ,  Xm ff M linearly independent  over 7) and any  Yij E 

M ,  i = 1, 2 , . . . ,  n, j = 1, 2 , . . . ,  m ,  there exis ts  a E AN such that  aC~xj = Yi9 

for a l l i  = 1 , 2 , . . . , n ,  j = 1 , 2 , . . . , m .  

Proof." From Proposit ions 3.5 and 2.1 it follows tha t  (1) implies (2). To prove 

the converse, suppose tha t  two of the automorphisms,  a = c~i and/3  = a j ,  i r j ,  

are M-dependen t .  Thus, (4) holds for some invertible T E E n d ( M ) .  But  then 

a ~ T x  = O, x E M ,  implies a~x = 0, and so (2) certainly does not hold. | 

Let us mention tha t  Theorem 3.2 follows easily from Theorem 3.6. Indeed, let 

AN be a primitive ring with nonzero socle, a be an au tomorphism of AN, and M be 

a faithful simple left AN-module. Pick any nonzero a E AN such tha t  a M  = x07) 

for some nonzero x0 E M .  Next pick any 0 r x l  E a ~ M .  If  b E AN is any element 

such tha t  bxo = 0, then ba = 0 and hence b~a ~ = 0. Therefore baXl = 0. But  

then Theorem 3.6 tells us tha t  a cannot  be M-ou te r .  

On the other hand, Theorem 3.2 can be deduced at once from Proposi t ion 3.5 

together  with the fact tha t  primitive rings with nonzero socle do not have noni- 

somorphic faithful simple left modules. 

4. D e n s i t y  a n d  M - o u t e r  d e r i v a t i o n s  

Throughou t  this section, AN will be a ring with simple left module M ,  7) -- 

E n d ( A M )  and F will be the prime subfield of the division ring 7). Clearly 

M is a vector space over F .  Recall tha t  an additive mapping  T: M --+ M 

is called a differential t ransformat ion if there exists a map 7: 7) --+ 7) such tha t  

T ( x u )  - ( T x ) u  = x u  ~ for all x E M ,  u E 7). It  is easy to see tha t  ~/is a derivation 

of 7). 

By a derivation d: AN --+ E n d ( M ~ )  we mean an additive map satisfying (xy)  d = 

L x y  d + xdLy  for all x, y E A. This extends the usual concept of a derivation 

of a ring into itself since any derivation d: .4 --+ ,4 gives rise to a derivation 

d: .4 ~ E n d ( M g )  given by a 2 = Lad. Moreover, if the ring ,4 is primitive and 

M is a faithful AN-module, we can consider AN as a subring of E n d ( M ~ )  via the 

embedding x ~-+ Lx. 

Definit ion 4.1: A derivation d: .4 -+ E n d ( M g )  is called M - i n n e r  if there exists 

an element T E E n d ( M )  such tha t  

(5) [T, La] = a d for all a E .4; 

otherwise it is called M - o u t e r .  
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Of course, if d is a derivat ion of A into itself, then we shall say tha t  d is 

At - inner  if d: A -+ End(Atz))  is At- inner .  

Note  tha t  (5) yields 

0 = IT, [R~, L~]] = [R~, [T, L~]] + [[T, R~], L~] = [L~, [R~, T]] 

for all u e ~ and a e A because [R~, n~] = 0 = [R~, adj. By (1), [R~, T] C_ :D ~ 

Sett ing [R~, T] = R~,, we see tha t  T(xu) - (Tx)u = xu' for all x C At .  T h a t  is 

to say, T is a differential t r ans format ion  of At.  

We begin with some results analogous to those obta ined in the precedent  

section. First  we have 

THEOREM 4.2: Let A be a primitive ring with nonzero socle and let A t  be a 

faithful simple left A-module. Then every derivation d: A -+ End(Atz))  is A t -  

inner. 

Proof: Since A is a pr imit ive ring with  nonzero socle, its max ima l  right ring of 

quotients  Qm,. is equal  to E n d ( A t e )  [4, Theo rem 4.3.7]. Arguing as in the proof  

of [4, Proposi t ion  2.5.1], one can easily show tha t  every derivat ion d: A --~ Qm,- 

uniquely extends  to a derivat ion d: Qmr --~ Qmr. Clearly d is At- inner  if and 

only if d is M- inne r .  The  result  now follows f rom [23, Theorem 3, p. 87]. | 

As in the au tomorph i sm case this yields 

COROLLARY 4.3: Let A be a primitive ring with faithful simple left module At  

and let :D = End(AAt ) .  Suppose that A has an At-outer derivation. Then the 

socle of A is equal to 0 and dimD(At )  = ~ .  

Next  we consider an analogue of Example  3.4. 

Example 4.4: Let F be a field of characterist ic  0 and let A be the Weyl algebra 

generated by x~, y~, i = 1, 2 , . . .  and the relat ions 

[y~, xj] = ~ij, [xi, xj] = 0 and [y~, yj] = 0 for all i, j .  

Let  At  -- Fix1,  x2 , . . . ]  be the algebra of polynomials  in x l ,  x2 , . . . .  Given f C At ,  

we define xi �9 f -- x i f  and Yi �9 f = Of/Oxi. Extending  this mult ipl icat ion to A, 

At  becomes a faithful simple left A-module .  

Similarly, Af = F[yl,y2, . . .]  becomes a faithful simple left A-module  by 

defining y~ �9 f = - Y i f  and x~ �9 f = Of/Oyi. 

d 1, yd __ 0 and extend it to A according Define a derivat ion d: A --+ A by x i = 

to the derivat ion law. Note tha t  d is well-defined for 

d X j] + xJ] = + xJ] = + = 0, 
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i , j  = 1 ,2 , . . . .  

Define a linear operator T: Ad -+ Ad by T f  = Of /Oxl  + Of/Ox2 + . . . .  Note 

that  T is well-defined and that  Lpd = [T, Lp] for all p E A. Thus, d is A/l-inner. 

Finally, suppose that  there is an operator S: AT --+ A/" such that  Lpd = [S, Lp] 

for all p E A. In particular, we have [S, Lxi] 1 = 1, i = 1, 2 , . . . ,  which means 

that  h = S1 E A/" satisfies Oh/Oy~ -- - 1 ,  i = 1, 2 , . . . .  This is clearly impossible 

and so d is N-outer .  

Let A be a primitive ring. Repeating the arguments from the preceding section 

we see that  an X-inner derivation d: A --+ A (i.e., such that  x d = tx - xt, x E A 

for some t E Qs(A))  is also A/l-inner for any faithful simple left A-module A/l, 

and that  the converse is not true in general. 

Let d: A --+ End(Ad~) be a derivation, let V be a vector space over F with 

basis {d, e}. Set Add = V |  and define a left A-module structure on the 

vector space Add aS follows: 

a ( d | 1 7 4 1 7 4 1 7 4  fora l lx ,  y E M ,  a E A .  

Clearly L:(d) = e | Ad is a submodule of Add and Add/f-.(d) ~ Ad via the map 

d | x + L:(d) ~-~ x, x E Ad. In what follows we shall identify End(A{Add/s  

with l)  via 

[d | x + s = d | (xA) + s 

x E Ad, A E l ) .  

The proof of the following result is an easy modification of that  of [23, Propo- 

sition 2, p. 85] and is included for the sake of completeness. 

PROPOSITION 4.5: Let A be a ring with simple left module Ad and let d: A --+ 

End(Ad~) be an Ad-outer derivation. Then Add is a local left A-module with 

maximal submodule s  d). 

Proof: If J~d is local, then s is a maximal  submodule, because it is a proper 

submodule of Add and Add/s  is simple. 

Suppose that  Add is not local. Then there exists a proper A-submodule Af of 

Add which is not contained in s Since L:(d) is a simple A-module, we have 

that  either Af D s or AT M s = {0}. If Af D s then Af / s  must be 

a nonzero proper submodule of the simple A-module Add/s  ~ AA, which is 

impossible. Therefore Af A s = {0}. It  follows that  AT is isomorphic to the 

simple left A-module Add/s  ~- Ad. Let 0 r e | y + d @ x EAf.  Then x r 0 
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since Af M s  = {0}. It  is clear tha t  y is uniquely determined by x because 

Af n s  = {0}. Further,  

a ( e | 1 7 4 1 7 4 1 7 4  aEAM.  

As x r 0, AMx = M and so for every u E ,M there exists a uniquely determined 

v E ~4 with e |  E A f .  We define a m a p T :  M --4 AA by the rule 

T u  ~- v. Clearly T is well-defined and T E E n d ( M ) .  Since a(e @ v + d | u) = 

e @ (av + adu) + d @ au,  we see tha t  T ( a u )  = av  + adu ---- a T u  + adu and so 

[T, La]u = adu for all u E A d .  Tha t  is, [T, La] = a d for all a E AM, a contradiction. 
| 

The next result generalizes Theorem 1.1. 

THEOREM 4.6: Let AM be a ring w i t h  simple m o d u l e  A M ,  let 7) = E n d ( A M )  

and let  d: ,4 --+ End(J~49) be a derivat ion.  T h e n  the fo l lowing  condi t ions  are 

equivalent:  

(1) d is J~4-outer; 

(2) given any  elements x l , x 2 , . . . , x , ~  E M l inearly  i ndependen t  over 7) and 

arb i t rary  e l emen t s  Yl  , Y2,- �9 �9 Yn, Zl, z2, �9 �9 �9 Zn C .Ad, there exis ts  an element 

a E .4 such that 

ax i  = Yi, adxi  = zi,  i = 1 , 2 , . . . , n .  

P r o o ~  Suppose tha t  d is 2~4-outer. Then  J~d is a local AM-module. Set xi = d |  

and Yi -= d |  Yi + e | zi, i = 1, 2 , . . . ,  n. By Theorem 2.3, there exists a E .,4 such 

tha t  aYi = yi for all i = 1 , 2 , . . . , n .  Tha t  is to say, ax i  = yi and adxi  = Zi for all 

i = 1 , 2 , . . . , n .  

Conversely, suppose tha t  (2) is fulfilled and there exist T E End(A4~)) with 

a d = [T, La] for all a E AM. We shall argue as in [10]. Pick 0 # x E M .  If  x and 

T x  are linearly independent over 7), then by the assumpt ion there exists a E AM 

with a x  = 0 -- a T x  and adx : X. If  X and T x  are linearly dependent,  we choose 

a E ,4 such tha t  a x  = 0 and adx = X. In this case we also have tha t  a T x  = O. 

We now have tha t  

x = adx = IT, La]x = T a x  - a T x  = O, 

a contradiction.  Thus  d is M/l-outer. | 

We note that ,  analogously to the au tomorph ism case, Theorem 4.2 can be 

deduced at once from Theorem 4.6. Basically we will just  repeat  the argument  

given in [47, Remark  3.5]. Let ,4 be a primitive ring with nonzero socle, d: AM -+ 
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End(Adv) be a derivation, and A4 be a faithful simple left A-module. Pick a 

nonzero a E A such that axo ~ Xo and a M  = Xo/) for some nonzero x0 E AA. 

Given any b E A such that bxo =- b(adxo) ---- O, we have ba = 0 and hence 

bda + ba d -= O. In particular, bdxo = 0. But then d is 2~4-inner by Theorem 4.6. 

The goal of this section is to prove an analogue of Theorem 4.6 for more 

derivations. Consider derivations di: A -4 End(Adz)), i = 1 , . . . ,  n. Denoting by 

D ~ ( A )  the set of all Ad-inner derivations, we shall say that dl, d~ , . . . ,  d,~ are 

d e p e n d e n t  ove r  7:) m o d u l o  DM(A),  if there exist elements A1, A2, . . . ,  ~n E 7:) 

not all 0 and T E End(Ad) such that ~ 1  ad~ xAi + [T, La]x = 0 for all a E A and 

x E A/t; otherwise they are called independent over 7) modulo D ~ ( A ) .  Let V be 

a vector space over F with basis {d,~, el, e2 , . . . ,  en}. We set Ad~ = V |  

Clearly Ad~ is a left A-module under the multiplication 

( ) a -d n |  e i |  = d n |  e i |  
i~1 i:-1 

for all a E A,  x, xl ,  x 2 , . . . ,  xn E Ad. We set f~(-dn) =- ~-~in=l ei GAd. Clearly s 

is a submodule of Ad~ isomorphic to the direct sum of n copies of Ad. Obviously 

Ad~ /E(dn )  ~ f14. The reader will see that the modules Ad~ and s will 

play the same role in proving the density theorem for derivations dl, d2 , . . . ,  d,~ as 

modules 2~//d and s in the proof of Theorem 4.6. We first prove the following 

generalization of Proposition 4.5. 

PROPOSITION 4.7: Suppose that dl, d 2 ,  �9 �9 �9  dn are independent over l)  modulo 

D~4(A). Then Aden is a local module with maximal submodule s 

Proof" We proceed by induction on n. The case n -- 1 follows from Proposi- 

tion 4.5. In the inductive case we assume that A/I~_I is a local module with 

maximal submodule s . - 1  -~ ~ i = l  ei | M .  

Pick x, xl,  x 2 , . . . ,  x~ E M with x ~ 0 and set 

n - 1  

= -d~-i | x + ~ ei | xi E A4~_1 and ~ --- d,~ | x + e Q xn E A4d~. 
i = 1  

Suppose that a~ = 0, a E A, implies a~ = 0. Note that A-Y = .M~,,_ 1 and 

A y  ---- -~d,, by Remark 2.2(4). It follows that there exists an epimorphism of 

modules fi: A4~n_l ~ 2t4d~. By Remark 2.2(1), ~ maps the Jacobson radical 

/:(d,~-l) of A4~n_~ into the Jacobson radical s = e | A/[ of A4dn. Since each 
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ei | A/I -~ A/I, there exist elements A1, A2, . . . ,  A,,-1 E l)  such that  

e i@zi  /3=  e@ziAi for a l l z l , . . . , z n e A / i .  
\ i = 1  i=1 

If ( s  = O, then fl induces an epimorphism of the simple module A/I 

A/i~_~/E(-dn-1) onto the local module A/fan, which is impossible. Therefore 

(s  ~ 0 and so not all A~'s are equal to O. 

Clearly/~ induces a homomorphism of modules 

All ~ A/ i~ _ , / s ( d,,-1) -+ A/i an / E ( dn ) ~- All 

and so there exist elements A �9 :D and T �9 End(A/i) such that  

( d n - l | 1 7 4  for a l l z � 9  

Given a �9 A and z E A/I, we now have 

dn|  azA + e | adnz/k + e @ aTz  =a(dn | zA + e | Tz)  = a[(dn-1 | z)/3] 

and hence 

rt--1 Z~ 
\ i = l  

n - -1  

=d~ | azA + e @ T(az)  + E e @ ad~ z)~i 
i : l  

n - 1  

E ad~z)~i -- ad~z'k + [T, L~]z = 0 
i = l  

for all a C .4 and z E A/I, a contradiction. This shows that  there exists a C .4 

such that  a~ = 0 and a~ r 0. Tha t  is, 

(6) ax = adlx + axl . . . . .  adn-lx + ax,,-1 ----- 0 and adnx + axn ~ O. 

Let ~ C A/I~ \ / : ( d n ) .  According to Remark 2.2(4), it is enough to show that  
n A~ = A/i~n. To this end, write ~ = d n  @ x + ~-~i=1 ei | xi where x, xi c A/I. 

Clearly x r 0. Therefore, by what we have just shown, there exists a E .4 such 

that  (6) is fulfilled. Hence a~ = en | (ad~x + ax,~) r 0 and so e,~ @ A/I C_ A~. 

Since A/ i~ / (en  | A/I) ~ A/I~,~_, which is local by the induction assumption, we 

conclude that  

A~ = A~ + en | A/I = A/I~n. I 

We are now in a position to prove the main result of this section. 
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THEOREM 4.8: Let AM be a ring with simple module .aM,  let 1) = End(AM)  

and let di: AM --+ End(A4v),  i = 1, 2 , . . . ,  m, be derivations. Then the following 

conditions are equivalent: 

(1) dl, d2 , . . . ,  dm are independent over 1) modulo D ~  (AM); 

(2) given any elements x l ,  x 2 , . . . ,  xn E A4 linearly independent over l)  and 

arbitrary elements Yi, zij E A4, 1 < i < n, 1 < j < m, there exists an 

element a E AM such that 

ax~ = y~, adJxi = zij, i = l , 2 , . . . , n ,  j = l , 2 , . . . , m .  

Proof: Suppose that  (1) is fulfilled. Then A4~m is a local AM-module by Propo- 
m e . ,  sition 4.7. Se t~ i  = -dm|  and~ i  -=dm| 1 j |  i = 1 ,2 , . .  n. By 

Theorem 2.3 there exists a E ,4 such that  a~i = Yi for all i = 1, 2 , . . . ,  n. Clearly 

a is the desired element. 

Now suppose that  (1) does not hold, that  is, that  there exist elements )~i E 1), 

1 < i < n, with A1 # 0 and T E End(A/l) such that  y~=~ ad'xAi + IT, La]x = 0 

for all a E AM and x E A4. Assume that  (2) holds true. Arguing similarly as 

in the proof of Theorem 4.6 we see that  given any nonzero x E M we can find 

a E AM such that  ax = aTx  = a d 2 x  . . . . .  ad'~x = 0 and a d l x  = X~ which yields 

XA 1 ~--- 0. With this contradiction the theorem is proved. | 

5. T h e  m a i n  t h e o r e m  

Let AM _C B be rings, let A4 be a left B-module which is simple as an AM-module, and 

assume that  1) -- End(AM)  is equal to End (~M)  (the main reason for dealing 

with two rings is that  we shall need this in the next section). Let D(B) be the 

additive group of derivations of B --+ B. Given d E D(B), it induces a derivation 

d: AM --+ End(A/D) given by the rule a ~ = Lad. Let n be a positive integer. 

We shall say that  derivations dl, d2 , . . . ,  du E D(B) are i n d e p e n d e n t  ove r  1) 

m o d u l o  DA4(AM) if dl, d2 , . . . ,  dn are independent over 1) modulo D~4(.4). In 

what follows F is the prime subfield of 1). 

Let n, ml ,  m 2 , . . . ,  mn be positive integers and let dl, d2 , . . . ,  dn E D(B).  We 

set 
: (1}21, m 2 , . . . ,  mn),  

f~(~) ---- (~ = ( s l , s2 , . . . , Sn ) :  0 < si < m i , i  = 1 , 2 , . . . , n } ,  

s~ ~2 ~,~ f~(~) and A-~ = d 1 d 2 . . . d  n , ~ E 

O= (0 ,0 , . . . , 0 ) .  

I t  is understood that  A~ = e, the identity map B -4 B. Given ~,~ E f l (~) ,  we 

shall write ~ > ~ provided that  si > ri for all i = 1 , 2 , . . . , n .  Let a,b E .4 and 
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C f t (~) .  According to Leibnitz Formula [4, Remark 1.1.1], 

(7) (ab) A~-= ~ (~) aA~-~bA-~ 
~<_~ 

n where (~) = 1-Ii=1 (s:). Let V be the vector space over F with basis {A~: ~ E 

~2(~)}. We set A4a(~) = V | 3,t. When the context is clear, we shall simply 

write Adn for Ma(~ )  and ft for f~(~). It follows from (7) that  A/la is a left 

.A-module under the operation 

(8 )  = T | 

for all a E "A, x E 3.t, ~ C ft. Moreover, 

is a submodule of Adfl such that 

(9) M a / Z : ( a )  - M 

as .A-modules. Given ~ E f~, note that 

(10) .Ma(~) = ~ A~ | C_ .Ma 

for all ~ C fL Finally, if~ = (Sl, s2 , . . . ,  sn) E f~, we set ]~] = ~ i n  1 si. The reader 

will see that  the modules 3da  and /2(~)  are the main tool in the proof of our 

main result. 

PROPOSITION 5.1: Suppose that the following conditions are fulfilled: 

(1) dl, d2 , . . . ,  dn E D(B) are independent over 17 modulo D~(.A);  

(2) either char(D) = 0 or char(D) = p > 0 and each mi < p. 

Then M n  is a local .A-module with maximal submodule s 

Proof: Given �9 c Ada \ s  in view of Remark 2.2(4) it is enough to show 

that .AT = Ada. In order to prove the equality, we shall make use of the triple 

induction. The first induction is on ]~1. On the inductive step on [~1 we shall 

represent/:(f~) as a union of certain .A-submodules JVk, - 1  < k < [mf - 1 (with 

N'-I  = 0) and proceed by induction on k to show that Ark C_ "A~ for all k (and so 

L(ft) C A~ forcing "A~ = 3dn in view of (9)). Making the induction step on k, 
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we shall introduce the concept of the height h(z)  of the element z E A~ "-Ark-1 

and proceed by the induction on h(z) .  

We now proceed by induction on I~1. If  I~[ = 1, then n = 1 = ml .  In this 

case 3 d a  = Add1, s ----/:(dl) and the result follows from Proposition 4.5. 

In the inductive case we may assume that  each 3da(~) is local for all ~ E ft 

with I~1 < I~1. Let 

3 =  E A ~ |  E M a  
~Ef~ 

with xm ~ 0. By Remark 2.2(4) it is enough to show that  A.Y = Ada. I t  follows 

from (8) that  

a2 - A m | axm E f~(~) 

and so A:~ + s = Am | J lxm +/:(f~)  = .~r Therefore it is enough to show 

that  Jl~ D s 

Let k be a nonnegative integer. We set Af_ 1 -- 0 and 

~Ea,l~l_<k 

Clearly s  - -  J~qlm[--l" We proceed by induction on k to prove that  Ark _C .43. 

The case k = - 1  is clear. In the inductive case we assume that  A~ D Ark-1. If  

k = [~[, then Ark-1 = /2(~) and there is nothing to prove. Therefore we may 

assume that  k < [~[. Pick any ~ E f~ with I~[ = k. Since 

.,vk= Z 

it suffices to show that  A~ | 3// C_ ~4~. To this end, we introduce the following 

concept. A nonzero element ~ = ~ s a  A~ | ~ E 34a  is said to have a height 

provided that  there exists g E ~ such that  

~ = A ~ - |  E A g |  and y -e r  

In this case we shall write h(~) = g. For example, h(3) = N.  In the set 

(~ E A 3 \  Afk_l: h(y) >_ -~} 

we choose an element ~ with minimal possible height (with respect to the partial 

order on f~). Suppose that  Ih(~)l = k. Then ~ = A ~ |  for some ~ E N'k-1. 

Therefore 

A3 _D A~ + Ark-1 _D A(A~ | z~) = Mn(~) 
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because ~4a(~) is local by the induct ion assumpt ion  (recall t ha t  k < ]~[).  There-  

fore we m a y  assume tha t  ]h(~)] > k = [~[. Let  ~ = h(~). We have ~ > ~ and 

whence there  exists index i such tha t  ri > si. Say, i = 1. By  T h e o r e m  4.8 there 

exists a E A such tha t  

Therefore  

az~ = O, p E f ~ ,  

adiz~ ---- 0, i = 2 , 3 , . . . , n ,  

ad~ z~ 7 s O. 

and 

a~ = r l A y |  adlzFq - Z A ~ |  V~pp 

for sui table ~ E ~4,  where ~ = (r~ - 1, r 2 , . . . ,  r,~). By  our a s sumpt ion  r l  is a 

nonzero element of F and whence the element a~ has a height and P > h(a-2) = 

_> ~, a contradict ion.  | 

THEOREM 5.2: Let A C B be rings, let k be a positive integer, let M i ,  i = 

1, 2 , . . . ,  k, be left B-modules which are simple as A-modules. Further, let l, n, ml ,  

m 2 , . . . ,  m~ be positive integers, let dl,  d 2 , . . . ,  dn E D(B),  let Xil, x i2 , . . . ,  xil E 

J~4i be elements linearly independent over 7)i = E n d ( A M i )  and let Yij, zij~ E ]~4i, 

i = 1, 2 , . . . ,  k, j = 1, 2 , . . . ,  l, -~ E ~ = ~ ( ~ ) ,  -~ r O. Suppose that End(AA4i)  -- 

E n d ( s ~ 4 i )  for all i = 1, 2 , . . . ,  k and the following conditions are fulfilled: 

(1) d~, d 2 , . . . ,  d~ are independent over ~)~ modulo D ~  (A) for all i = 1 , . . . ,  k; 

(2) for all i = 1, 2 . . . .  , k, either char( / ) i )  = 0 or char(/)~) = Pi > 0 and each 

m j  ~ Pi; 

(3) ~2~4i ~ ~A~t3 for all i ~ j .  

Then there exists a E A such that 

axij = yij, aA-~xij = zij-~ 

for all i = 1 , 2 , . . . , k ,  j = 1 , 2 , . . . , l ,  0 r  ~ E 12. 

Proo~ By Propos i t ion  5.1, each A f i =  (A/[i)a is a local A-module  wi th  max ima l  

proper  submodule  s  such t ha t  Af~/s ~- M i .  I t  follows f rom (3) t ha t  Afi/Ei 

A f j / s  if i r j .  Set ~ij = A m  | xij and 

( m )  . . . . .  , 

YiJ - - A ~ |  Z ~ Am_~|  i = 1 , 2 ,  . ,k ,  j - - l , 2 ,  l. 
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Note that each (~) is a nonzero element of 7)i for all i = 1, 2 , . . . , k .  By 

Theorem 2.3 there exists a E ,4 such that a x i j  -~ yq  for all i = 1, 2 , . . . ,  k, 

j = 1, 2 , . . . ,  1. The result now follows from (8). | 

Finally, we have arrived at the main result of the present article. 

THEOREM 5.3: Let A C_ 13 be rings. Further, let .hi be a left B-module 

which is simple as an A-module and such that End(AM) = End(•A4). Let 

k , l ,n ,  ml,  m 2 , . . . , m n  be positive integers, let d l , . . . , d n  E D(B) and let 

a l , . . . ,  al be automorphisms of the ring .4. Suppose that the following con- 

ditions are fulfilled: 

(1) dl, d2 , . . . ,  dn are independent over 7) = End(AM) modulo D ~ ( A ) ;  

(2) either char(D) = 0 or char(D) = p > 0 and each mi < p; 

(3) ai and aj  are M-independent  for ali i r j .  

Then for any elements xl ,  x 2 , . . . ,  xk E A4 linearly independent over 7) and for 

any zisj E All, i -- 1 ,2 , . . . , k ,  ~ e ~ -- ~ (~ ) ,  j = 1,2, . . . , l ,  there exists a E ,4 

with 

aA-~aJxi = zi~j for all i = 1, 2, . . . .  k, ~ E f~, j = 1, 2 , . . . ,  I. 

Proof: Set Af -- M a  and s = / : ( ~ ) .  By Proposition 5.1, Af is a local module 

with maximal submodule s and Af/s ~ A4. Set Afj = Af~ and s  -- s  c_ Afj. 

It is easy to see that Afj is a local module with maximal submodule s  and 

Afj//:j ~ A4~j. By Proposition 3.5, Af~/s ~ Afj /s  if and only if i -- j .  

According to (3), End(.aA4~r -- 7). In particular, 

A m ~ Xl, A ~  ~ X2 , . . . ,  A ~  ~ X k 

are independent elements of Afj over 7) modulo s  j = 1, 2 , . . . ,  l. The result 
now follows from Theorem 5.2. | 

6. The  case of  primit ive rings 

Throughout this section ,4 will be a primitive ring with faithful simple left module 

A/l, with extended centroid C and with central closure Ac (see [4, Chapter 2] or 

[32]). Let 7) = End(AM). According to [4, Theorem 4.1.1], we may assume that  

,4c is a subring of End(A~tz)) and the action of .Ac on A4 extends that  of ,4. In 

particular ~4 is a faithful simple .Ac-module and End(Ac]vl) = 7). Therefore we 

may assume that C is contained in the center of 7). In what follows F is the 

prime subfield of both C and 7). 



Vol. 122, 2001 EXTENDED JACOBSON DENSITY THEOREM 337 

Recall that  elements tl ,  t 2 , . . . ,  tn E End(M)  are said to be linearly dependent 

over D if there exist )~ C D, i = 1, 2 , . . . ,  n, not all 0, such that ~_~(t~x)A~ = 0 

for all x C M .  

LEMMA 6.1 ([4, Corollary 4.2.5]): Elements a l ,a2 , . . . ,a ,~  C A~ are linearly 

dependent over C if  and only if  they are linearly dependent over l).  

Let d: .4 --4 .4 be a derivation. By [4, Proposition 2.5.1], d can be extended 

to the uniquely determined derivation d: Q8 -+ Qs, where Q~ is the symmetric 

ring of quotients of .4. Recall that C is the center of Q~ and so C d c_ C. Because 

.4~ = AC, we conclude that .44 c .4c. Therefore every derivation d of .4 induces 

the unique derivation d: .4c --+ .4c. Note that  the set D(.4c) of all derivations 

Ar --+ `4r is a right C-space under the operation a d c  = c a  d for all a C `4r c C C, 

d C D(`4~). We denote by DM(Ar the set of all M-inner  derivations `4c --+ Ac. 

Clearly it is a subspace of D(`4c). We now set 

Der(.4) = D(.4)C + D•(Ac)  C_ D(`4c). 

One can easily check that  Der(A) is a subspace of D(.4c). 

LEMMA 6.2: Let d E Der(.4) be a nonzero derivation. Then: 

(1) if  dimc(Adc) = n < co, then .4 is a simple Artinian ring of dimension 

< 4n 2 over its center; 

(2) if  d is M-outer,  then dimc(`4dC) = oo. 

Proo~ 

that  a d 

(1) Assume that dimc(AgC) = n < co. Set V = `4de. Pick a C `4 such 

# 0. Given x C `4, we have adx = (ax) d -- ax d C V + aV and so 

dimc(adAc) < dimc(V) + dimc(aV) < 2n. 

However, `4c c_ End(c{ad`4c}) and whence dimc(`4c) <_ 4n 2. In particular ,4c 

(and so ,4) is a PI ring. Recalling that `4 is a primitive ring, we obtain from 

Kaplansky's theorem on primitive PI rings that .4 is a simple Artinian ring and 

whence .4 = .4c. Thus dimc (.4) < 4n 2. 

(2) By Corollary 4.3, .4 is not a simple Artinian ring and so dimc(.4dC) = oc. 

I 

Given a field K,  a vector space V over K and an additive abelian group U, 

the additive group Hom(U, V) of all additive maps t: U --+ V is a vector space 

over K under the operation x t~ = A(x t) for all x e U, )~ E K,  t c Horn(U, V). 

Recall that t c Hom(U, V) is said to be of finite rank if d i m g ( K U  t) < r We 
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now need the following version of Amitsur 's  lemma which is a corollary to [4, 

Theorem 4.2.7]. 

LEMMA 6.3: Let V be a vector space over a field K,  let U be an additive abelian 

group, and let tl, t 2 , . . . ,  tn E Horn(U, V) be linearly independent over K.  Then 

either the subspace ~-~in=l t iK  contains a map of finite rank, or there exists u E U 

such that u ~1 , u~2,. . . ,  u ~ are linearly independent over K.  

THEOREM 6.4: Let n be a positive integer and dl, d~ , . . . , dn  E Der(A). Then 

dl, d2,. �9 d~ are linearly independent over C modulo D ~ ( A~) i f  and only i f  they 

are linearly independent over 1) modulo D~,l (A~). 

Proof: Since C is a subfield of the center of 1), the "if" part  is clear. Assume 

that  d l , d 2 , . . . , d n  are linearly independent over C modulo D~(~4c).  Let 0 

d~+l c D ~ ( A c ) .  By assumption ~4 has M-ou te r  derivations and whence it is 

not a simple Artinian ring by Corollary 4.3. I t  now follows from Lemma 6.2 that  
~--~n+ 1 d-r  dimc(,Adc) = oc for every nonzero derivation d E z..,i=l ~ .  By Lemma 6.3 

there exists a C ,4 such that  a dl, age , . . . ,  a dn+~ are linearly independent over 

C. According to Lemma 6.1 they are linearly independent over 1) and thus 

d l ,d2 , . . . , d~+l  are linearly independent over 1) for all 0 ~ d~+l C Dz4(Ac). 

I 

The following result is a corollary to Theorems 6.4 and 5.3 since Der(r C 

D(A~). 

THEOREM 6.5: Let A be a primitive ring with faithful simple left module M 

and with extended centroid C, and let k, l, n, ml ,  m 2 , . . . ,  m,~ be positive inte- 

gers. Let 13 -~ End(AM),  let d l , d 2 , . . . , d ~  E Der(.A) and let a l , a 2 , . . . , a t  be 

automorphisms of the ring A.  Suppose that the following conditions are fulfilled: 

(1) dl, d2 , . . . ,  dn are independent over C modulo D~(~4c); 

(2) either char(F) -- 0 or char(F) = p > 0 and each mi < p; 

(3) ai and aj  are M-independent  for all i ~ j .  

Then for any elements xl ,  x 2 , . . . ,  xk E A4 linearly independent over l)  and for 

any zisj E A4, i -- 1, 2 , . . . ,  k, ~ E f~ = f~(~), j -- 1, 2, . . . ,1 ,  there exists a E ,4 

with 

a Z ~ x i  = zi~j for all i = 1, 2 , . . . ,  k, ~ C ~, j -~ 1, 2 , . . . ,  l. 
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7. Applications 

In this section we give a few indications of how the results above can be used 

when studying the so-called generalized identities in rings. The theory of gener- 

alized identities considers, in particular, derivations and automorphisms of rings 

satisfying certain identities or relations of polynomial type (see [4] for a vast lit- 

erature); here we mention Herstein and some of his students who made a lot of 

contributions in this context, and Kharchenko who found a more systematic and 

uniform approach. Our results provide an alternative approach. 

We first state a simple lemma, which is undoubtedly known. Nevertheless, we 

give the proof since it is rather short. 

LEMMA 7.1: Let A4 be a right vector space over a division ring l)  srlch that 

dim(M~)) > 2 and T be an additive endomorphism of  M such that x and T x  are 

linearly dependent for every x E M .  Then there exists A E 7) such that T x  = xA 

for all x C M .  

Proof: Write T x  = xAx where Ax E 7). Fix 0 ~ y C A4. Pick x E A4 such that  

x, y are independent. We have T ( x  + y) = (x + y)Ax+y and, on the other hand, 

T ( x  + y) = T x  + T y  = xAx + yAy. Hence it follows that A~ = Ax+y = Ay. Now 

let z be any nonzero element in As[. If y, z are independent, then Az = Ay by 

what we have just proved. If y, z are dependent, then x, z are independent and 

so Az--  Ax = Ay. Thus Az = Ay for a l l0  ~ z G M, which proves the lemma.  
| 

We have to introduce some further notation. Let A be a ring and n be a 

positive integer. By Jn(A)  we denote the ideal of ,4 consisting of those elements 

a C ~4 that  a M  = 0 for every simple left A-module A4 such that  dim(A, iv)  > n 

where 7) -- End(AM).  Of course, JI (A)  = J ( A )  is the Jacobson radical of ,4. 

In our first theorem we consider derivations satisfying certain conditions which 

might appear somewhat special. However, it is considerably more general than 

various conditions considered by other authors. In [21] Herstein initiated the 

study of derivations d of prime rings such that ( a d )  n : 0 for all a C A, and such 

that ( a d )  n is central for all a E A. Here, n is a fixed positive integer. Actu- 

ally, [21] considers inner derivations only, but extensions to arbitrary derivations 

came quickly [18, 22, 41]. Further, Felzenszwalb and Lanski [16] investigated 

derivations d with (ad) n(a) = 0, a C A, where the positive integer n(a) is not 

fixed but depends on a. The other, apparently unrelated project was started by 

Bergen, Herstein and Lanski [5] who treated derivations which have, besides 0, 

only invertible values. Several extensions of this result were proved; in particular, 
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Mauceri and Misso [36] dealt with derivations whose values are either invertible 

or nilpotent.  Clearly, the condit ion treated in the following theorem includes all 

the conditions mentioned. Of course, the conclusion is not tha t  s t rong as in the 

part icular  cases just  listed. 

THEOREM 7.2: Let  `4 be any ring and d be a derivation o f  `4. Suppose that  

for every a E ,4 there exist posit ive integers n = n(a) ,  m = re(a) such that  

(ad)n,4 C_ ,4(ad) m T J(,~). Then ,4d C J3(,4). Moreover, d is M - i n n e r  for each 

simple left ,4-module M such that  dim(Mz))  > 1 where 7) = E n d ( A M ) .  

Proof: Pick any simple left ,4-module M and let 7) = E n d ( A M ) .  

Assume first d is M-ou te r .  I f  d im(Mz))  > 1, then picking any x , y  E M 

linearly independent  over 7), there is a E `4 such tha t  adx ----- O, ady = y and 

ax = y (Theorem 4.6). But  then (ad)'~ax = y while .A(ad)mx = 0 for all positive 

integers n, m, contradict ing our assumption. 

It  remains to show tha t  A d M  = 0 whenever d is M- inne r  and d im(Mz))  _> 3. 

Thus, let T: M --+ M be a differential t ransformat ion such tha t  [T, La] = Lad, 

a E ,4. Suppose first tha t  T x  and x are 7)-dependent for every x E M .  By 

Lemma 7.1 we have tha t  there is ,k E 7) such tha t  T x  = xA for all x E M .  But  

then adx = T ( a x ) - a ( T x )  = ( a x ) A - a ( x A )  = 0 for any a E .A, x E M .  Therefore, 

we may  assume tha t  there is x E M such that  y = T x  and x are 7)-independent. 

We claim tha t  there is a nonzero z E M such tha t  y r (Tz)7) + zT) + xT). 

Indeed, pick any zo ~ yT)+xT)  (such zo exists for d i m ( M ~ )  _> 3 by assumption).  

Wi th  no loss of generality we may  assume tha t  y E (Tzo)7) + z07) + xT), say, 

y = ( T z o ) A + z 0 # + x u  for some A , # , u  E 7). Clearly, A r 0. Now set z = 

z0 - xA -1. Of eottrse, z r 0. Recall tha t  T is a differential t ransformation,  so 

tha t  T ( x A  -1)  = (Tx)A -1 + x(A-1) "y where -), is a derivation of 7). Whence we 

have 
T z  = Tzo - T ( x A  -1)  

= yA -1 _ Zo#A -1 - xvA -1 _ yA -1 _ x(A-1)~ 

E zo:D + xT) = zT) + xT). 

But  then y ~ (Tz ) :D+zT)+xT)  = ZoT)+xT) and so our claim is proved. Now pick 

a, b E ,4 such tha t  a T z  = az = ax = 0, ay = - x  and bz = x. Then (ad)nbz = x 

while ,4(ad)mz = 0 for all positive integers n, m. This clearly contradicts our 

initial assumption and so the theorem is proved. I 

Every  derivation d of a division ring satisfies ad,4 = ,4a d for every a E ,4, and 

every inner derivation d of M2(F) ,  F a field, satisfies (ad)2,4 = ,4(ad) 2 for every 

a E ,4. This clarifies why J3 (.4) appears in the conclusion. 
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The condition treated in the next result also unifies several conditions treated 

in the literature. A well-known theorem of Posner from 1957 [42] considers deriva- 

tions d such t h a t  [a d, a] is central for every a C .4. This theorem was generalized 

in various ways, in particular, derivations satisfying certain Engel type conditions 

were studied. The most general result in this direction was obtained recently by 

Lanski [31] examining the condition [[... [[(an~ d, an1], an:],.. .], a nk] = 0 where 

the ni's are fixed positive integers. Concerned with generalizations of Her- 

stein's hypercenter theorem [20], some related conditions were investigated by 

Felzenszwalb [14], Felzenszwalb and Giambruno [15] and finally Chuang [12] who 

treated the most general condition [(an(a)) d, an(a)]k -= 0 (here, [x, Y]k is defined 

as [x, Y]0 = x and for k >_ 1, [x, Y]k = [x, Y]k-lY -- y[x, Y]k-1)- The results in 

the present paper enable a consideration of a condition fairly more general than 

those just mentioned (which, however, has to yield a weaker conclusion). 

THEOREM 7.3: Let  fit be any ring and d be a derivation o f  A.  Suppose that  for 

each a E fit there is a nommgat ive  integer n = n(a)  such that  aria d E A a  + J ( A ) .  

Then  fit d C J2 (fit). 

Proof'. Pick any simple left A-module A/[ such that dim(JPtz)) _> 2 where 7) = 

End(AM),  and let us show that AdA/[ -- O. 

Suppose first that d is M-outer .  Pick any/)- independent  elements x, y C AJ. 

By Theorem 4.6 there is a C .4 such that ax = 0, ay = y and ad• -~ y. Then 

anadx ---- y for every positive integer n, while (Aa  + J ( A ) ) x  = O. This con- 

tradiction implies that d must be M-inner.  Thus, there exists a differential 

transformation T such that IT, L~] --= Lad for all a C fit. Suppose that x and T x  

are /)-independent for some x C A/[. Then, by the Jacobson density theorem, 

there is a C fit such that ax = 0 and a ( T x )  = Tx .  But then anadx ---- - T x  for any 

positive integer n. However, since (Aa  + J ( A ) ) x  = O, this is impossible. There- 

fore, x and T x  are dependent for every x E A4. Using Lemma 7.1 and arguing as 

in the proof of Theorem 7.2 we see that this yields the desired conclusion. II 

In general we cannot claim that ,,4 d C__ J(A).  After all, ,4 could be commutative 

and so the condition of Theorem 7.3 would be trivially satisfied; but it is not 

true that every derivation of a commutative ring has the range in the radical  

However, in Banach algebras this is true indeed (by a Banaeh algebra we shall 

always mean a complex algebra). This was proved for continuous derivations in 

1955 by Singer and Wermer [48], and generalized to arbitrary derivations more 

recently by Thomas [49]. Of course, this result does not hold in noncommutative 

settings, for we have inner derivations. Anyway, in the literature one can find 
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a number of noncommutative extensions of the Singer-Wermer (and Thomas) 

theorem (see, e.g., [7, 9, 11, 25, 33, 34, 35, 38, 43, 45, 47, 50, 51, 55] and 

references given there). In particular, many conditions under which a derivation 

of a noncommutative Banach algebra has the range in the radical have been 

found. As a corollary to Theorem 7.3 we will now obtain a result of such type. 

COROLLARY 7.4: Let ,4 be a Banach algebra and d be a continuous derivation 

of  A.  Suppose that for each a E ,4 there is a nonnegative integer n = n(a) such 

that ana d C Aa  4- J (A) .  Then A d C J (A) .  

Proof: All we need to show is that A d M  = 0 for any simple left A-module 

M which is one-dimensional over :D = End(AM) (which is really a complex 

field [6, Corollary 5, p. 128]). But this is true for any continuous derivation 

of a Banach algebra. Namely, by Sinelair's theorem [47], ann(M) is invariant 

under d. Therefore, d induces a derivation on the algebra A~ ann(M) (defined 

by a + ann(M) ~-~ a d + ann(M)).  However, , 4 / ann (M)  is isomorphic to the 

complex field and so the induced derivation is trivial. That is, A d C_ ann(M) 

and the proof is complete. | 

Let us point out a special case of Corollary 7.4 concerned with the Engel 

condition. 

COROLLARY 7.5: Let ,4 be a Banach algebra and d be a continuous derivation 

of  A.  Suppose that for each a E A there is a nonnegative integer n = n(a) such 

that [a d, a]n E J (A) .  Then A d C J (A) .  

Corollary 7.5 generalizes certain results in [11, 34, 55] and can be viewed as an 

analytic analogue of Lanski's result [30]; however, unlike in [30], n is not fixed, 

just as in the classical Engel theorem. 

In the proof of Corollary 7.4, the continuity of d has been used at one place 

only, when applying Sinclair's theorem on the invariance of primitive ideals. The 

so-called noncommutative Singer-Wermer conjecture asks whether this theorem 

holds without assuming the continuity. This problem seems to be extremely 

difficult. Even in the classical commutative case this conjecture was open for 

more than three decades and was finally solved by Thomas [49]. Clearly, if the 

conjecture turns out to be true then the assumption of continuity can be omitted 

in Corollary 7.4. Moreover, the problem whether the continuity assumption in 

Corollary 7.4 (or in Corollary 7.5) is superflous or not is in fact equivalent to 

the noncommutative Singer-Wermer conjecture; cf. [33, 45]. It is known that  

in order to settle this conjecture it suffices to treat the unitization of a radical 



Vol. 122, 2001 EXTENDED JACOBSON DENSITY THEOREM 343 

algebra [45], and hence one arrives at one-dimensional modules. I t  is interesting 

that  a purely algebraic approach presented here has led to the same problem. 

We conclude by mentioning that  we have already obtained some further ap- 

plications of the results in the present paper  to both  ring theory and the theory 

of Banach algebras, but we plan to include them in a subsequent, a somewhat 

more technical paper. 
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